18.014 Problem Set 3 Solutions
Total: 12 points

Problem 1: Find all values of ¢ for which
(a) [, z(1 —x)dz = 0.
(b) Jy lx(1 —2)|dx = 0.

(4 points)

(a) Computing, we get

c C 1 1
/ x(1—2x)= / (x —2%) = = — =

Setting the right hand side equal to zero, we get solutions

3

c:ﬁandc:O.

(b) Observe z(1 —2) > 0if 0 <z <land z(1 —z) <0ifx > 1 or x < 0. There
are three cases. If ¢ < 0, then

C Cc 1 1
1_ — _ 1_ — _ = 2 - 3
/0 |z ( x)| /0 x( x) 20 +3c

which is never zero for ¢ < 0.

If 0 <c<1, then
C C 1 1
1— — 1 — :_2__3
[ ati=ai= [at-a =5 -

which is zero only if ¢ = 0 in the range 0 < ¢ < 1.
Finally, if ¢ > 1, then

/Oc|x(1—x)| :/OIx(l—x)+/16—x(1—x).

The first integral is %, and the second integral is non-negative by the comparison
theorem (Thm. 1.20) since —z(1 —x) > 0 on the interval (1, ¢). Hence, this integral
is always positive and never zero.

In summary, our integral is only zero when ¢ = 0.

1



Problem 2: Compute the area of the region S between the graphs of f(z) =
z(z?> — 1) and g(x) = x over the interval [—1,v/2]. Then make a sketch of the two
graphs and indicate S by shading.

(4 points)

Observe f(z) = g(x) if and only if 2 = —v/2,0, v/2. We know this because
f(@)—gl@)=a(@®—1)—z =2z +V2)(z — V2)

has roots at —v/2, 0, and v/2. Next, observe f(x) > g(x) on [~1,0] and g(z) > f(x)
on |0, \/5] You can check this by testing at a point in each interval and using the
intermediate value theorem (which we will learn in chapter three) or by sketching
the graph. Then the area between the graphs over the interval [—1, /2] is

/0 (z(2® — 1) — 2)dw + /0\/5(33 —z(2? — 1))dx
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Here is a sketch of the graph:
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Problem 3: For step functions s(z) and ¢(z) on [a, b], prove the Cauchy-Schwartz

inequality:
(/ bs<x>t<x>)2 < [t [ 1



Prove that equality holds if and only if s(z) = ct(z) where ¢ € R.

(4 points)

By the definition of a step function, there exist partitions P, = {zo,...,x,} and
Py ={yo,...,ym} of [a,b] such that s is constant on the intervals (z;, z;41) and t is
constant on the intervals (y;,y,41). Let P = Py U Py = {z,..., 2} be the smallest
refinement of P; and P,. Then s and ¢ are both constant on the intervals (2, zx11),
since each such interval is contained in an interval (x;, x;11) and an interval (y;, yj41).
Define s(z) = s, and t(z) = ) for @ € (21, 2x). Then

l l

b b
/ s(z)? = Z st(zr — 2h-1), / t(x)* = Zti(zk — 2-1), and

k=1 k=1

b l
/ s(x)t(z) = Z sktk(2k — 2p—1).

If we put ar = sg\/2k — 2x—1 and by, = tg\/2zr — 2x_1, then the inequality that we are

trying to prove becomes

(E) < () (%)

But, this is just the Cauchy-Schwartz inequality on page 42 of your textbook. More-
over, we know that equality holds iff a; = cby for all £ and some real number ¢ € R.

Further, ar, = sg\/2k — zk_1 = Ctp/2zk — 2x—1 = cby iff sp = cty. Thus, equality holds
iff s = ¢t for some ¢ € R.

Bonus: Let m
B={ze[0,1]|z= on Some n,m € 7}.

Prove that the function
1 ifreB }

f(””):{o ifz¢ B

is not integrable on [0, 1] by our definition of integrability.

(4 points)

It is enough to prove that for all step functions s < f <t on [0, 1], we have
1
/ (t(x) — s(z))dz > 1.
0
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Suppose s < f is a step function on [0, 1] and s = sy on the interval (z,y). Choose
n € Z sufficiently large such that 3% < y—x. Let m be the minimal positive integer
such that m > 3"z, and note that 3% € (7,y) since m < 3"r +1 < 3"y. But,
f(3%) = 0; hence, so < 0. Since this is true for every interval on which s is constant,
we must have s < 0 on [0,1]. By the comparison theorem (Thm. 1.5) and the
homogeneous property (Thm. 1.3), we conclude

1
/ —s(x)dx >0
0
for any step function s < f on [0, 1].
Now, suppose f < t is a step function on [0, 1] and ¢ = ¢y on the interval (z,y).

Choose n € Z sufficiently large such that 2% <y —x. Then we can find m € Z such
that 3+ € (z,y). Since f(5+) = 1, we must have ¢y > 1. Thus, £ > 1 and

/0 lt(x)dm > 1

by the comparison theorem (Thm. 1.5). Putting these together, we get

/Ol(t(x) — s(x))dx = /Olt(x)dx + /01 —s(x)dz >1+0=1



MIT OpenCourseWare
http://ocw.mit.edu

18.014 Calculus with Theory
Fall 2010

For information about citing these materials or our Terms of Use, visit; http://ocw.mit.edu/terms.



http://ocw.mit.edu
http://ocw.mit.edu/terms

