Exam 1 - Solutions

October 1, 2010



Problem 1: Find fi 222 [ |z| | dx. (Here, as usual, [z] denotes the largest
integer < x.)

Note that

222 for —2 <2< —1
0 for —1<z<l1
222 for 1<x<?2
422 for 2<x <3

3 -1 2 3
/ 22%||z||dw :/ 21:2d93+/ 2932dx+/ 4o’ dx
-2 -2 1 2

_23_1 2 312 4 43
_356 72+3x 1+3x2
B 2+16+16 2+108 32 104
3 3 3 3 3 3 37

Problem 2: Let f be an integrable function on [a, b] and a < d < b. Further
suppose that

b+d

—d
flz —d)dx =4, /_ f(—z)dz = 1.

b
/ 2f(x)dz.
d
Properties of the integral imply

/abf(x)dx =4, /ad flz) = -T.

As 4 = fabf(a:)da: = fadf(x)dm + f;f@)cm = -7+ f; f(z)dx, we see
that f; f(z)dz = 11. Again, using properties of the integral, f; 2f(z)dx =
2 [} fz)de = 22.

a+d

Find



Problem 3: Suppose A, B are inductive sets. Prove ANB is an inductive set.
Give an example of inductive sets A, B such that A — B is not an inductive
set.

If A and B are inductive sets, then 1 € A, B; thus, 1 € AN B.
Moreover, suppose © € AN B. Then x € A and x € B; hence, z+1 € A and
x4+ 1 € B because A and B are inductive sets. But, then z +1 € AN B.
Therefore, AN B is an inductive set.

Let A= B = R. Then A and B are inductive sets because 1 € R and
because x € R implies z+ 1 € R by closure of addition for the real numbers.
However, A — B = () is not an inductive set since 1 & ().

Problem 4: Let f be a bounded, integrable function on [0,1]. Suppose
there exists C' € R such that f(x) > C > 0 for all x € [0,1]. Prove that
g(x) =1/ f(x) is integrable on [0, 1].

Let € > 0 and observe that as f is integrable and f > C|, there
exist step functions s(z),¢(x) such that C'/2 < s(z) < f(z) < t(x) and

fol(t(x) — s(z))dz < €-C?*/4. Let sy(x) = 1/t(x),t;(x) = 1/s(z). Then,
0 < s1(x) < g(z) < ti(z) (we proved that in class on the first day). Moreover,

) A 1 [ () — s(x)
/0 (t1(x) = s1(2))dx = /0 s W /0 “s@i) "

By choice, we have that s(z),t(x) > C/2. Thus, s(x)t(z) > C?/4 and
1/(s(x)t(x)) < 4/C?. Tt follows that

/0 ti(x) — s1(z)dr < 4/02/0 (t(z) — s(x))dr < 4/C%* - C*/4 = e.

Here the first inequality comes from the comparison principle for integrals of
step functions and the second follows by hypothesis. Thus, by the Riemann
condition, g = 1/f is integrable.

Problem 5: Suppose f is defined for all z € (—1,1) and that lim, ¢ f(x) =
A. Show there exists a constant ¢ < 1 such that f(x) is bounded for all
x € (—c,c).



First, denote f(0) = B. Let M = max{|B|,|A| + 1}. Since

lim, . f(x) = A, there exists § > 0 such that |f(z) — A < 1if 0 < |z| < 4.
Thus, for all 0 < |z| < 0,

[f(@)] = [f(z) — A+ Al < [f(2) — A[+]A] <1+ |A].

Now, set ¢ = 4. Then, for all x € (—c,c), |f(z)| < M.
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