Example: Length of a Parabola

Figure 1: Arc length of y = 22 over 0 < z < a.

To find the arc length of a parabola we start with:
y = a°
y = 2z
ds = /14 (2z)%2dx
= V1+4z2dx.

So the arc length of the parabola over the interval 0 < z < a is:

/ V14422 dzx.
0

This is the answer to the question, but it would be more useful to us if we
could write it in a simpler form. That’s why we studied techniques of integration.
To evaluate this integral we use the following trig substitution:

r = —tanu
2
1

dr = Zsec®u
2

When we do, we find that:

a 1 1 a
/ V1+4z2de = Zln(Qw—i—\/1+4x2)+§x\/1+4x2
0 0

(you may have seen parts of this calculation in a recitation video).
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