18. DIV GRAD CURL AND ALL THAT

Theorem 18.1. Let A C R™ be open and let f: A — R be a differ-
entiable function.
If ' I — A is a flow line for Vf: A — R", then the function

for: I — R is increasing.
Proof. By the chain rule,

oD = v - #)
=7(t)-7(t) > 0. O

Corollary 18.2. A closed parametrised curve is never the flow line of
a conservative vector field.

Once again, note that (18.2]) is mainly a negative result:
Example 18.3.

F:R2-{(0,0 R2 ven b F y— -
{(0,0)} — grven by (@, y) = ( x2—|—y2’x2+y2)’

s not a conservative vector field as it has flow lines which are circles.

Definition 18.4. The del operator is the formal symbol

Note that one can formally define the gradient of a function
grad f: R — R3,
by the formal rule

af. of . Of-
gradf:Vf:a—iz—Fa—]ycj—f—a—ﬁk.

Using the operator del we can define two other operations, this time

on vector fields:

Definition 18.5. Let A C R? be an open subset and let F:A—— RS
be a vector field.

The divergence of F is the scalar function,
divF: A — R,
which is defined by the rule

— B = _of ~of of
div F(z,y,2) =V - F(x,y,z) = 8x+8y+3z'
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The curl ofﬁ 15 the vector field
curl F: A — R3,
which s defined by the rule

curl F(z,2,2) = V x F(z,y, 2)

ik
o 2 o
T |6z Oy Oz
F, Fy, Fj

(R ORN, (0R OR\ . (0B 0K,
0y 0z or 02 )’ or 0Oy )

Note that the del operator makes sense for any n, not just n = 3.
So we can define the gradient and the divergence in all dimensions.
However curl only makes sense when n = 3.

Definition 18.6. The vector field F: A — R3 is called rotation

free if the curl is zero, curl F = 0, and it is called incompressible if

the divergence s zero, div F' = 0.

Proposition 18.7. Let f be a scalar field and F a vector field.

(1) If f is C2, then curl(grad f) = 0. Every conservative vector field
1s rotation free.

(2) If F is C%, then div(curl ﬁ) = 0. The curl of a vector field is
imcompressible.

Proof. We compute;

curl(grad f) =V x (V)

Pk
_ |8 2 4
— |9z Oy 0Oz

of of of

dr Oy 0z
(DL PEN, (P PLN. (P
 \Oyoz 020y 910> 020z )’ Jx0dy  Oyox
=0.

);;



This gives (1).

div(curl F) = V - (V x f)
5k
_ o 92 @
By Fy

2 9 9

ox Oy 0z

F, F, Fj

_O’Fy PF, O°F N 0*Fy n 0*F, O0*Fy
C Oxdy  Oxdz  Oydx  Oydz  0z0x  0z0y

=0.
This is (2). O
Example 18.8. The gravitational field
— cT cy cz 7

F = i J g
(z,y,2) T 22>3/22+ @+ 22>3/2J+ (22 + 2 + 22)3/277

1s a gradient vector field, so that the gravitational field is rotation free.

In fact if
c

(22 + 42 + 22)1/2

f(ZL',y,Z):—

then F = grad f, so that
curl F = curl(grad f) = 0.
Example 18.9. A magnetic field B is always the curl of something,
B = curl /_f,
where A is a vector field. So
div(B) = div(curl A) = 0.
Therefore a magnetic field is always incompressible.

There is one other way to combine two del operators:

Definition 18.10. The Laplace operator take a scalar field f: A —
R and outputs another scalar field

Vif: A—R.
It is defined by the rule
. *f *f  f
20 _
Vef =div(grad f) = o + ay + 5y
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A solution of the differential equation
Vif =0,
15 called a harmonic function.

Example 18.11. The function
f(.l;, Y, Z) = -

C
(.T2 +y2+22)1/2’

1s harmonic.
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