34. FOrRMS ON R"
Definition 34.1. A basic 1-form on R" is a formal symbol
dxy,dxs, ..., dx,.
A general 1-form on R" is any expression of the form
w= fidr; + fodry + - + frdw,,
where f1, fa, ..., fn are smooth functions.

Note that there are n basic 1-forms. If f is a smooth function, we
get a 1-form using the formal rule,

Definition 34.2. A basic 2-form on R" is any formal symbol
dZL’Z' AN d,Ij,

where 1 < i < j <n. A general 2-form on R" is any expression of
the form

W = Z fwdflfz AN de
1<J

where f1, fa,..., fn are smooth functions.

(5) -

basic 2-forms. 2-forms satisfy the following formal rule,

Note that there are

dl’i AN dl’j = —dSCj N dxl
Given two 1-forms,
w = fidei+fodro+- -+ f,dx, and n = g1 dxri+gs dro+- - -+g, dz,,

we can multiply, using linearity and skew-commutativity, to get a 2-
form

i<j
Notice how, using skew-commutativity, we can write everything in
terms of basic 2-forms. Note also that skew-commutativity forces

More generally:



Definition 34.3. A basic k-form on R"™ is a formal symbol

dx;, Ndxzi, N .. .dz;,,

where 1 < 11 < iy < --- < i < n A general k-form on R" is any

expression of the form
W= E f’ilig...’ik dxil A dxiz AL, dl’ik,
1< <ig << <n

where fii,. i, are smooth functions.

n
k )
basic n-forms.

Suppose we start with a general 1-form in R?,
w= fidex+ fody + f35dz.
We can formally define a 2-form dw as follows:
dw =d(fidz + fody + f3dz)
=dfy Nde +dfs Ady +dfs Adz

(%, Ok,  Oh
= <axdx+ aydy—ir aZdz)/\dyz:

df2 dfa dfa
I Ofs Ofs

——d —dy + ==d d
+(8w x+8y y+8z z)/\ z

Note that there are

_ (08 _on o 0 of o
—< )dx/\dy+(ax az>dx/\dz+(ay 9%

or 0Oy
Note also that if
w= fiode Ady + fizsdz Adz + fozdy Adz,
then we can formally define a 3-form dw as follows:
dw =d(fiadx Ady + fisdz Adz + fogdy Adz,)
- ((9{;22 — 88]”;3 + agj) dx Ady A dz.

The final interesting formal operation on k-forms is:

dfs

) dy A dz.

Definition 34.4. Let w be a k-form on R™. The Hodge star oper-
ator assigns an (n — k)-form xw to w, which is defined by the rule:

(+w) Aw =dxy Adag A - Adz,.
2



Let’s figure out what the Hodge star operator does in R3. Suppose

that
w=dx Ady.
Then 1 = *w is a 1-form such that
nAw=dxAdyAdz.
It follows that n = dz. Similarly
x(dx Adz) = —dy and * (dy A dz = dx).
Let
w = fldx—i-fgdy—i—fgdz.

Putting all of this together, we see that

xdw = *d(f) dz + fody + f3dz)

. 8f3 af2 afS afl
- (a—y‘%) dx‘(a—x‘%) d

Similarly

ofs Of
+ (% - 8—y) dz.

xd * w = *xd * (fde + fody + f3dz2)
=xd(fidy Adz — fodz Adz+ f3dz Ady)

_(9fs [ O0fr O
_*<8z + By + 8x) dx ANdy Adz

_0fi  O0fy | Ofs
Oz + Oy + ox
In other words,

curl = *d and div = *d * .

Note that this points to a way to unify the various versions of the
fundamental theorem of calculus for surfaces and threefolds (namely,
the theorems of Green, Stokes and Gauss). Omne can also use this
notation to express Maxwell’s equations quite efficiently. But these are
both other stories.
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