Solutions for PSet 10

1. (ET:1,2)
1 Let [ be the arclength of C', and parameterize C' by its arclength: «(t) =

(x(t),y(t)). Then o/(t) =1 thus n(t) = (y'(t), —2'(t)).
We have

/C fonds = / (P(a(t)), Qa(t))) - (4/ (1), —2'(8)) dt = / “Qdet Pdy

2 Using Green’s Theorem for the function g = (—@Q, P)

// [%+8—Q] dxdy:/C—de+de

But part(1) above gives us the value of the RHS. Combining, we have
P
// |:a_+@:| dxdy:/f-nds
c

2. (11.22:2) @ can be written as the sum of two functions QQ = Q; + @2, where

1
Qi = —a?ye ™ and Qo = ———
xz

v Thus, the integral to evaluate is
)

/de+Q1dy+Q2dy.
C

Let Ry be the square {|z| < a,|y| < a} and C' its boundary. First note that

% i _%
oy 4 - Ox

Then, by Green’s theorem:

/de—i—Qldy—//R {0_]3_3;31] drdy = 0.

To compute the remaining part fc Q2 dy, first observe that the integral will
certainly be zero along y = +a as there one has dy = 0. So, we can compute

t “dt
/QQdy_/ 2+t2_/_aa2+t2_0'

1



Notice the sign on the second integral corresponds to the fact that the direction
of the parameterized curve is opposite the counterclockwise orientation on the
square.

. (11.22:4) Note that

for g (O _Ou T v _ v —U%_f_ ov_ Ou_ @_g(uv)_ﬁ(w)
&= or 0Oy or Ody) ox ox oy 0Oy O

Applying Green’s Theorem for the function h = (uv, uv):

//fgda: dy—// {— uv) ( "U):| dxdy:/cuv(dx—l—dy):/C(l)(y)(dx+dy)

Parameterize the circle by s(t) = (cost, sint) then

2m
//f-gdxdy:/y(dx+dy):/ sint(—sint 4 cost) dt = —m
R c 0

. (11.22:8) If C is parameterized by arclength s(t) = (x(t),y(t)) then n =
(v, =)

(a) We can write

/agds = /Vg-nds:
c
[(Z2) (22) 0 - [ [l )y [0, 2,
ox’ Oy ot’ ot N Ox 0t Oy ot

Using Green’s Theorem we get

// {a—xngr—] de dy—//Vdixdy
(b) Similarly
[rgsis = [ rgtan-sglas

- of Og 0% Of dg 0%g
N // [81:81: 8x2+8y8y+ 82 dv dy

— //R [Vf-Vg+ [Vi] dedy



(c) To prove this part, apply part (b) with the roles of f and g reversed.
Then subtract this equation from the equation stated in part (b).

5. (11.25:3) Whenever C and C3 cobound a region Ry C R we have

/deJery—/ de+Qdy:// {a—P—a—Q} dedy
C1 Co R1 dy Ox

This evaluates to 0 when — = @ Thus
y  Ox

/deJery:/ Pdr + Qdy
C1

Ca

Let C be a Jordan curve, oriented counterclockwise that does not contract in
the annulus. Since one cannot apply Green’s Theorem on this region | o Pdr+
Qdy = A for some A € R, not necessarily zero. For example when (P, Q) =

( T 5)on R = {1 <a?+y* <2}, we have [, Pdr+Qdy = 27 (as
Ty ey

we will see in (11.25:1)). Now any Jordan curve C” in R either bounds a simply
connected region or it cobounds a region with C' or —C. (We are somewhat
glossing over the difficulty that C,C" might intersect. But this problem can
be easily rectified by choosing a third curve that cobounds with both C' and
(" and intersects neither of them.) In the first case, using Green’s Theorem

implies
/de—f—Qdy:/ 8—P:a_Q:0
/ p Oy Oz

where here D C R and 9D = (C".

In the second case, we use the observations outlined initially to determine

/ de+Qdy:i/de+Qdy:iA.
' c

Thus there are 3 possible values for line integrals along piecewise smooth Jor-
dan curves.

6. (11.25:1)



(a)

First let B, (boundary of disc D,.) be a circle around (0, 0) with radius r.
We can parameterize B, by s(t) = (rcost,rsint). Then P = rsint/r?
and Q = —rcost/r% So

2
/ Pdr+Qdy = / (rsint/r?)(—rsint) dt + (—rcost/r?)(rcost) dt
0

2 2
T
N
0 r

For any piecewise smooth Jordan curve C' that bounds a region R that
contains (0, 0) we can choose  small enough so that the disc D, of radius

P
r lies inside C. Then R — D, is a region where (2)_ = g—Q and these
Yy x

partial derivatives are well defined. Thus, as in the previous exercise we
have that

/PdLE—i—Qdy:ﬂ:/ Pdx+ Q dy = £2m.
c

T

The sign depends on the orientation of C' with respect to the orientation
of B,. The integral is positive if C is oriented clockwise and negative
otherwise.

orP 0
If (0,0) is outside the region then in the whole region i 8_Q (and
Y T

these partial derivatives are everywhere well defined). Thus we can once
more use Green’s Theorem to see that fc Pdr+Qdy=0.
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