Solutions for PSet 6

1. (8.22:14)

(a) f(l',y) = f1<l‘,y)l + fQ(xay)ja where fl(xay) = em+2y7 and f2($ay> =
sin(y + 2x). Computing all the partial derivatives

% — €x+2y %ﬁ — 2€x+2y
82 — 2cos(y + 2x) % = cos(y + 2x)

So the matrix for the total derivative is:

. ez+2y 2€z+29
fla,y) = ( 2cos(y + 2x) cos(y + 2z) )

Similarly for g(u,v,w) = ¢1(u,v,w)i + ga(u,v,w)j, where ¢;(u,v,w) =
u + 2v% + 3w? and go(u, v, w) = 2v — u? we have:

991 __ 091 __ 0g1 __ 2
=1 _5?” = 4v —gw = 9w
93 — _gy, 03 _ 9 922 _ ()
ou ov ow

And the total derivative is:

1 4v 9uw?
Dg(u,v,w) = ( —ou 2 0 )

(b) The composition
h(u,v,w) = f(g(u,v,w)) = exp(u+2v*+3w+4v—2u?)i+sin(2v—u+2u+4v>+6w>)j

¢) The total derivative at a p()illt u,v,w) can be cmnputed using the chain
g
rule:

Dh(u, v, w) = Df(g(u,v,w))Dg(u,v,w)
ed11292 2p911292 1 4y 9w?
N ( 2cos(g2 +2g1) cos(g2 + 2g1) ) ( —2u 2 0 )
Now we evaluate at (u,v,w) = (1,—1,1) and thus g; = 6,92 = —3. As a
result g1 + 2g2 = 0 and g, + 297 = 9 and

e’ 2¢Y 1 —4 9
Dh(l’_l’l)_(QCOSQ cos9><—2 2 O>_

-3 0 9
0 —6cos9 18cos9



2. (8.24:12)

(a)

We can compute /(1) using the chain rule for the functions r : R* — R
defined by r(r) = /r-r and g : R — R defined by ¢(t) = % With these
functions + = g o r thus

AV =A ¢ TVET=A

To evaluate the left hand side in question, we need to first evaluate
v (A 7 (2)). Using part (a), this is equivalent to

—A-r\ __(f(r)
7(=) -7 ()
where f(r) = —A -r and h(r) = 3. Both are real-valued functions, thus
we can apply the rule for their fractions:

A () v ()h() = f(x) v (h(r))
V( 7‘3) ( >

h(r) (h(r))?

But
3 3 3 1
Vh(r)=vyri=vy(r-r)z = 5(1‘ -1)22r = 3rr

Therefore

A-r Ar3 — A -r3rr

Vi~ 3 - 6

Now

< A-r) 3B-rA'r A-B

r3 rd r3

3. To compute the gradient of multivariate function f(z,y), compute the partial
derivatives:

x+h x
of @) _ o glw)du — [ g(u)du
ox h—0 h
o d " gt
50 h



If we define a function m(h) = ffywhy g(u)du then the limit above is m/(h).

Using the fundamental theorem of calculus, we determine m/(0) = yg(zy).
The partial derivative with respect to y follows similarly. Thus the gradient

zy
of fay) = [ glwdu is V$(a,y) = (valaw). wg(av)

0
A level set (z,y) can be described as f~1(c). If both (zg,yo) and (z,y) lie in

the same level set, then:
zy ZoYo
/ g(u)du = / g(u)du = c
0 0
0

zy
Or, / gu)du =

0Yo

As g is a positive function, its integral can only be 0 if the integration interval
is empty or:

Ty = xoYo or davaluebs.t.zy=1x9yo=2>

t
As g is positive, the function m(t) = / g(u)du is strictly increasing in t.

b

Therefore, there exists a unique b such that g(u)du = ¢ # 0. In other
0

b
words, the level set is parametrized by y = h(z) = — where b is unique.
x
b
A level set (z,y) can be parametrized as r(z) = f~!(c) = (z,—). This level
T
b
set has slope () given by (1, ——;). The gradient of f(z,y), Vf at any point
x

(x,y) is g(b)(é,x). The dot product Vf - r'(x) is:
x

b b b bx

g®)(—,2) - (1, =—3) = g(b)— —g(b) 5 =0

Hence, V f is orthogonal to the level set at each point on the curve.

_ | Sy i (vy) #(0,0),
f(:v,y) - { + f — .



The partial derivatives:

of o fhy) = f0y) L PP =y
5z 0y) = Jim h BT
af T f('ruh)_f(xao) 1 z? — h? _
gy, ©0) = n = et =

Using the above derivation, the second partial derivatives can be evaluated at
point (0,0):

02 f o of 0
— (0, = ——=\x, 0 = ——\Z =1
8x(9y( ) Ox 8@/( ) (0,0) 8x( ) (0,0)
and an a 8f a
—_— 0,0 = 3 a_ Oa = o\ =-1
83/83:( ) dy 333( v) (0,0) 8y( v) (0,0)
Thus 82]” 82]3
8x8y(0’ 0) # 0y0x(0’0)

This means that in general,

0% f
0x0dy

0% f
0xdy

£

. We can write F(t) = f(r(t)) where r(t) = (3t%,2t + 1,3 — t3).
Then F(t) = f or, thus

F'(t) =<7f(3t%,2t + 1,3 — %) - 1/(t) = v f (3¢, 2t + 1,3 — t) - (6,2, —3t?)
At t = 1 this evaluates to:
F'(1) =vf(3,3,2)(6,2,-3)

The gradient of f: R? — R is 7 f(x,y,2) = (2, 2L 91y Thys

oz’ Jy’ 0z
af af af
/ _ 37
/(1) =65(3.3,2) +25 (3,3.2) = 35(3,3.2)



Let Hessy denote the second derivative matrix of f:

32 82 82
3_33120@’972) axgy(x7y7 Z) axgz(x7yu Z)
2 2 2
H€SSf(LE’y,Z) = aay_aj;(xvy7z) %(I’,y,2’> %(i’,y,Z)

2 2
825;(1’,3/,2) igy(%y, Z) %(xaya Z)

Then

F'(t) = r'(t)Hessp(3t%,2t + 1,3 — ' ()" + v f(3t3,2t + 1,3 — %) - v (t)
= (6t,2, =3t f"(3t%, 2t + 1,3 — t*)(6t,2, —3t*)" + 7 f(3t*,2t + 1,3 — %) - (6,0, —6t)

o0 f 0 f 0 f 0*f o0 f o0 f 0 f
= 2 112 — 18¢3 12 4—= — 6t — 18¢3
36t 0x? + t@x@y st 0x0z + t@yax + oy? ot Oyoz st 0z0x
2 2
—6t2 oJ + 9t4a—f + Ga—f — 6ta—f

020y 022 ox 0z

where all partial derivatives are taken at (3t%,2t + 1,3 — 3).
Substituting t = 1 we get

nin _ ap S o f 0*f A N | o f
Fie) = 36@ * 1281‘83/ B 188x8z + 128y8x + 48y2 B 68y82 B 18828x
0 f 0 f of of
o0y o2 %0 Va:

—6

where the partial derivatives are taken at (3,3, 2).

(a) h(x) = g(f(x)). Thus Dh((0,0)) =

1 1 1 9
Dy(F((0,0)))D£(0,0) = Dg(1,2)Df(0,0)= | 0 1 ( ) 3):
2 1

=~ O Ot
~J W Ot
SN———

(b) Let k = f~', then Dk(0,0) =

(DF(F71(0,0))) " = (Df(1,2))"

Dk(0,0)=<:§ i>1:%<3 j)

Thus,
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