3. Double Integrals

3A. Double integrals in rectangular coordinates

3A-1

1 2
a) Inner: 6z%y + yQ} = 1222, Outer: 423| =32.

y=—1 0

™
b) Inner: —ucost + 1t%cos u] =2u+ in?cosu
21 2. 172 t_f 2 1.2 _3_2
Outer: u* + 5T smu}o = (571-) + 5m% = 272,
z2 . 1

c¢) Inner: 352212} ¥ = 2% — 1% Outer: %x7 — ixﬂo = % - % = _%

1

d) Inner: vvu? + 4}; = uvu? + 4; Outer: £(u® + 4)3/2} =1(5v5-38)

0

3A

-2 ]
a) (i) //Rdydx:/_(;/_idydm (i) //Rdxdy:/j/_oydxdy y=-X

b) i) The ends of R are at 0 and 2, since 2z — 2% = 0 has 0 and 2 as roots.

2 2z —x?
// dyd:v:/ / dydzx
R o Jo

ii) We solve y = 2z — 2% for z in terms of y: write the equation as
2% —2x+y = 0 and solve for x by the quadratic formula, getting x = 14£+/T — ¥.

Note also that the maximum point of the graph is (1, 1) (it lies midway between
the two roots 0 and 2). We get

1 pl+vi=y

// dwdy:/ / dxdy,
R 0o Ji—yi=y
V2 ez 2 Vi—z2
c) (i) // dydx:/ / dydm—i—/ / dy dx
R 0 0 v2Jo
Vi i
(ii) // dxdy:/ / dz dy
R 0 Yy

d) Hint: First you have to find the points where the two curves intersect, by solving
simultaneously y? = x and y = z — 2 (eliminate x).

The integral / / dy dx requires two pieces; / / dx dy only one.
R

R
2 pl-z/2
3A-3 a) //ach:// x dy dx;
R o Jo )

Inner: z(1— z) Outer: 12% — %x?’} =
0
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1-y?
// 22 + y?) dA = // (22 + y?) dx dy

1
Inner: 22 +y x} =1-y2% Outer: y—gy} =

1 11—y
c) //ydA:/ / ydx dy
R 0 y—1

1—y 1
Inner: xyL_l =yl(1—y)— (y—1)] =2y — 24> Outer: y? — %y‘q’} =1

/2 cos x
3A-4 a) // sin? zdA = / / sin? z dy dx
7/2J0

cosx
: . 2
Inner: y sin® x} . = cos x sin”® x Outer: £ sin x} —m /2" = F(1—(-1) =

b) //RasydA:/ol/;(xy)dyd:v.

@ 1/ 26\" 1 1 1
Inner: %ny]xz - %(363 — ) Outer: 3 <x4 — x6>0 =3 1"

2
3-

wiN

c) The function 22 — y? is zero on the lines y = x and y = —z,
and positive on the region R shown, lying between z = 0 and = = 1.
Therefore

1 T
Volume = // (x? —y*)dA = / / (22 — 9 dy du.
R 0 —x

T 1
.2, 1.3 _ 4.3, L1.4|
Inner: z°y Sy}ﬂﬂ—:gm, Outer: Bx}o—

1
3

2 2 2 2 Yy 2 2 2 1 2 2 1
3A-5 a) / / e ¥ dyda::/ / e ¥ dxdy:/ e Y ydy:—fe_y} =—(1—-e t=u?
0 Jz o Jo 0 2 o 2
1 2 1 1
2 [U et 2 3 1
/ / —dudt / / —dtdu:/ ue“du:(u—l)e“} =1-=+e
ViU o Jo U 0 0 2
1,1 1 pud 1 3
1 1 U 1 1 In2
——dudr = ——drdu = ——du=-In(1 4} = .
C)/O/rl/31+u4”x /0/0 1+ut /01+u4“ g ] =
3A-6 O 2// e®dA, S = upper half of R; 4// 22 dA, Q = first quadrant
S Q

0; 4//x2dA; 0
Q

1
3A-7 tryt>0 > ——— <1
a) z* +yt> Tt 1yt =

rdA Lol g 1 1 In2
— _dxdy=-In(1+2%| =—=
//1—|—3:2—|—y /0/0 1+ 22 roy 2n( +x)0 2 <

vl oy



3B. Double Integrals in polar coordinates

3B-1
a) In polar coordinates, the line x = —1 becomes rcosf = —1, or
r = —secf. We also need the polar angle of the intersection points; since

the right triangle is a 30-60-90 triangle (it has one leg 1 and hypotenuse
2), the limits are (no integrand is given):
2
/ drdf.
—sect

c¢) We need the polar angle of the intersection points. To find it,

we solve the two equations 7 = 5 and r = 1 — cos @ simultanously.

Eliminating r, we get 3 = 1 — cos, from which 6 = 27/3 and 4r/3.
47 /3

Thus the limits are (no integrand is given):
1—cos6
// drdé’f/ / drdf.
2r/3 J3/2

d) The circle has polar equation r = 2a cosf. The line y = a has polar
equation rsin@ = a, or r = acscf. Thus the limits are (no integrand):

47 /3

[[aras= [
R 27 /3

acsch

/2
[/ww_/ /
w/ 2a cos 6

drdb.

21

r=sin @
x=1 1
r=sin20 h r=sec® (
1 \
2b 2d
/2 sin 260 dr db /2 1 /2 1
3B-2 a) / / rar / sin29d9:—fcos29} - S(-1-1)=1
0 2 0 2
/2 1 a7
drdf == -=In(1+7r%)| = —In(1+a?).
/ /1+r2r 22(4”")}0 g +ad)
/4 psect 1 w/ /4 1
c)/ / tan29~rdrd9:f/ tan2 @ sec? 0df = - tan 0] — -
0 0 2 Jo 6
w/2 psin® r
d ——drdf
) /() 0 V1—r7r2
sin 0 w/2
Inner: f\/lfrz} =1—-cosf Outer: Hfsine} =m/2—1.
0 0

3B-3 a) the hemisphere is the graph of z = /a2 — 2 — y2 = \/a? — 1?2

, SO we get
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2 a

1 a 1 2 .

// \/anTQdA:/ / \/a2fr2rdrdt9:27r~f§(a277’2)3/2] :27r~§a3:§7ra3.
R o Jo

0

e @ /2 at 1 at
b) / / (rcosG)(rsinH)rdrdH:/ r3d7‘/ sinfcosfdg =L .2 -4
’ ’ 0 0 4 2 8

¢) In order to be able to use the integral formulas at the beginning of 3B, we use symmetry
about the y-axis to compute the volume of just the right side, and double the answer.

/2 p2sinf /2 1 r=2sin@
// \/x2+y2dA:2/ / rrdrd9:2/ —(2sin0)3 db
R 0 0 o 3

32
=3 by the integral formula at the beginning of 3B.

/2 pVcos@ 77/21 1
d) 2/ / r27“drd9:2/ ~cos’0dh =2~ -
0 0 o 4 4

top! view
rl=cos @

.
T

N

3C. Applications of Double Integration

3C-1 Placing the figure so its legs are on the positive z- and y-axes,

a pa—x a—zx 1 1 a 1
a) M.I. = / / z?dydr Inner: ny} =a2%(a—x); Outer: gxga - fa:ﬂ = —a’.
o Jo 0

4 lo 12
a_ 14 a
(z? +y?)dA = a:dA—|— ydA——a —|——a =54 y=a-x
¢) Divide the triangle symmetrically into two smaller triangles, their legs are %; T a
1/a\* a a
Using the result of part (a), M.I. of R about hypotenuse = 2 - N (\@) = |
"a_
V2
3C-2 In both cases, T is clear by symmetry; we only need .

a) Mass is // dA:/ sinxdx = 2
R 0 ,
. T sinx 1 us 9 T B T
y-moment is ydA = ydydr = = sin“x dx = —; therefore § = —.
R o Jo 2 Jo 4 8

b) Mass is // ydA = E , by part (a). Using the formulas at the beginning of 3B,

sinx 3
sin® x 1 2 4
t dA = 2dydr =2 der=2.-.2=Z
yrmomen lb//y //0 v / 3 T3 3Ty

Therefore §y = § = on
0 7r




5

3C-3 Place the segment either horizontally or vertically, so the diameter is respectively on
the z or y axis. Find the moment of half the segment and double the answer.

a) (Horizontally, using rectangular coordinates Note that a? — ¢ = b2.
(a) ( y, using g

b AT b 5
_ Lo 9 _lpy atyb 1.5 C 2.3
/0/C ydydw—/o 2(@ T c)dx—Q{bx 3}0—31), ans: 3b.

(b) (Vertically, using polar coordinates). Note that x = ¢ becomes r = csec.

Moment = / / (rcos)rdrdd Inner: £73 cos 9} = $(a®cos 0 — *sec? 0)
0 Jesech o 056‘329
Outer: [a3 sin @ — ¢3 tan 9} = 3(a’b— %) = 3b*;  ans: §b3'
0

3C-4 Place the sector so its vertex is at the origin and its axis of symmetry lies along the
positive z-axis. By symmetry, the center of mass lies on the z-axis, so we only need find Z.

. . 2a
Since § = 1, the area and mass of the disc are the same: ma? - o = a’a.

m
(07 a a
r-moment: 2/ / rcosf - rdrdf Inner: %7"3 cos 9] ;
o Jo 0

2 3: .
3 sa” sin o 2 sina

«
Outer: %a3 sin 0} = %a sin « T="—F—=73"a
0 a‘o 3 «

3C-5 By symmetry, we use just the upper half of the loop and double the answer. The
upper half lies between § = 0 and 0 = 7/4.

7/4 pavicos?20 /4 1
2 / / 7‘2rdrd9:2/ —a* cos? 20 dp
0 0 0 4

4 w/2 4 1 4
Putting u = 26, the above = 2&7/0 cos® udu = QZ =k g = %. r?=cos 20
3D. Changing Variables
O(u, v) 1 -3 O(x,y) 1
3D-1 Letu=z-3 =2 ; = =7 —=_.
ST VTR 5y) ‘2 1‘ " B T
// x ydwdy = f/ / gdvdu
R2T+Y 7Jo J1 v
* T 49In4 1491n4
Inner: ulnv} =uwuln4; Outer: %u2 ln4} = ; Ans: — = 7In2
. . 2 72
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I(u,v) oz,y) 1
D-2 L = =z —vy. Th =2; = —.
3 etu=ax+y, v=x—y en FER)) ; 2w, v) 5

To get the uv-equation of the bottom of the triangular region:
y=0 = u=z,v= = u=v.

_ 2 u
// cos(”) drdy = 1/ / cos < dv du N
R Tty 2Jo Jo u AN

2

Inner: usin v] =wusinl Outer: %u2 sin 1] =2sin1l Ans: sinl
Ul 0
d(x,y) 1 0 1
3D-3 Let u= = u: — [
et u=ux, v y; (u,v) 0 % 5

Letting R be the elliptical region whose boundary is 2 + 4y% = 16 in xy-coordinates,
and u? + v? = 16 in uv-coordinates (a circular disc), we have

1
//(16—1;2—4y2)dyda? f//(16—u2—v2)dvdu
R 2J)Jr

1 2 4 2 4\ 4
= 7/ /(16—r2)rdrd9 = r(16%= -2 ) = 64
2 )y Jo 2 1),

. o(u,v) |1 1 . O,
3D-4 Letu=xz+vy, v=2x—3y; then 8(m7y)_‘2 _3|= 5; A,
We next express the boundary of the region R in uv-coordinates.
For the z-axis, we have y = 0, so u = z, v = 2z, giving v = 2u.
For the y-axis, we have z = 0, so u = y, v = —3y, giving v = —3u.

It is best to integrate first over the lines shown, v = ¢; this means v is
held constant, i.e., we are integrating first with respect to u. This gives v=-2

4 pv/2
// (22 — 3y)*(x +y)’dedy = / / v2u2M.
R 0 J—v/3 5

e T R S R outers 0 (L LN 4 1,1
nner: — = — - — — T - -— = = - .
5], 150 \8 27 T s\8 27/, T 6-15\8 27

3D-5 Let u = ay, v =y/z; in the other direction this gives y* = uv, 2% = u/v.

2y Nz,y) 1 .
= = 2 M = : th
T Y O(u,v) 20’ 15 Blves

(u,v) ’
We have ———= =
o(z,y)

Yy x
—y/x? 1)z

3 12/, 1
// (2 +yH)dedy = / / (—i—uv)dvdu.
R o J1 \v 2v

2 3
—u U 1 1 1 3u 3 5 27
Inner: U—i—v} = u<—4+1+2—2> = Outer: 8u} = —.

3D-8 a) y = 2% therefore u = 23, v =z, which gives u = v3.



b) We get Y hw= l,or u= ; (cf. 3D-5)
v

v2 41
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