18.02 Problem Set 11

At MIT problem sets are referred to as 'psets’. You will see this term used occasionally
within the problems sets.

The 18.02 psets are split into two parts 'part I’ and "part II’. The part I are all taken
from the supplementary problems. You will find a link to the supplementary problems
and solutions on this website. The intention is that these help the student develop
some fluency with concepts and techniques. Students have access to the solutions
while they do the problems, so they can check their work or get a little help as they
do the problems. After you finish the problems go back and redo the ones for which
you needed help from the solutions.

The part II problems are more involved. At MIT the students do not have access
to the solutions while they work on the problems. They are encouraged to work
together, but they have to write their solutions independently.

Part I (10 points)

At MIT the underlined problems must be done and turned in for grading.
The ‘Others’ are some suggested choices for more practice.

A listing like '§1B : 2, 5b, 10’ means do the indicated problems from supplementary
problems section 1B.

1 3D vector fields. Surface integrals and flux.
86A: 3; Others: 1, 2, 4.

2 Divergence Theorem.
86C: 3, 5, 7Ta, 8; Others: 1a, 2, 6, 10, 11



Part II (24 points)

Problem 1 (4)

Show that the average straight-line distance to a fixed point on the surface of a sphere

4
of radius a is ga.

Suggestion: take the sphere centered at the origin, and choose the ‘north pole’ as the
fixed point. Then compute the average the straight-line distance to the north pole
over all points on the surface of the sphere.)

Problem 2 (3 pts)
Consider a solid in the shape of an ice-cream cone. It’s bounded above

by (part of) a sphere of radius a centered at the origin. It’s bounded
below by the cone with vertex at the origin, vertex angle 2¢y and slant
height a.

Find the gravitational force on a unit test mass placed at the origin.

(Assume density = 1.) T

Problem 3 (7 2,3,2)

Continuing with the solid in problem 2: take a = v/2 and the vertex angle to be /2
(so ¢po =7/4). Let F = zk.

Warning: the calculations are a bit messy.

a) Let T be the horizontal disk with boundary the intersection of the sphere and the
cone. Compute directly the upward flux of F through T

b) Let U be the boundary of the conical lower surface, S the upper spherical cap of
the solid. Use the divergence theorem and part (b) to compute the upward flux of F
through U and S. (You will need to be careful with signs.)

c) Set up, but don’t compute, the integral for the flux of F through U. Write the
integral in cylindrical coordinates.

Problem 4 (7 2,2,3)
Let f(z.y,2) = 1/p.
a) Compute F = V f and show divF = 0.

b) Find the outward flux of F through the sphere of radius a centered at the origin.
Why does this not contradict the divergence theorem?

c¢) Imititating what we did with Green’s theorem, use the extended divergence theorem
to show that the flux of F through any closed surface surrounding the origin is —4.

Problem 5 (3)
The Laplacian of a function of three variables is defined by V2f = fo.. + fyy + faz
Suppose that the simple closed surface S is the iso-surface of some smooth function



f(z,y,2), that is, the set of points in 3-space satisfying f(z,y,z) = ¢ for some
constant ¢. Use the Divergence Theorem to show that if G is the interior of S, then
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