Practice Final Exam }J_/, m="1m=g
m=1
1. For the DE ZZ = — % +3x:
a) Sketch the direction field for this DE, using (light or dotted)
isoclines for the slopes -1 and 0. «
See picture at right -1 -05 0’5 1
Isoclines: y' = —% +3x =m = y = 3x* — mx.

Not bl t (0,0).
(Note problem at (0,0).) Direction field

b) For the solution curve passing through the point (1,2): if Euler’s method with step-size
h = 0.1 was used to approximate y(1.1), would the approximation come out too high or
too low? Explain.

Ify(l) =2theny/(1) = —2+3-1=1.

y' = —% +3 = y’(1) =4 >0 = concave up

= estimate is too low.

c) Compute the Euler approximation to y(1.1) using step-size h = 0.1.

Euler: y; = yo + hf(x0,y0) =2+0.1-f(1,2) =2.1.y(1.1) = 2.1

d) The functions y; = x* and y» = x*>+ 1 are solutions to this DE. If y = y(x) is the

solution satisfying the IC y(1) = 1.5, show that 100 < y(10) < 100.1. D
include the equal signs in this inequality? Why or why not?

The picture at right shows the plots of the 2 given solutions.

The dotted line indicates that (by the E&U) the solution with IC (1,1.5)
must stay between these two solutions.
= 11(10) < y(10) < y»(10) = 100 < y(10) < 100.1. N
As stated, E&U (= Existence & Uniqueness theorem) shows we don'tneed o

the equal signs.

e) Find the general solution the DE and verify the prediction of part (b).

The easiest way to find the general solution is to use the 2 solutions given in part (d).
The equation is first order linear, so the general solution to the homogeneous equation is

c¢(y> —y1) = c- L. Thus the general solution is |y = x> + ¢ - 1.

2. Suppose that a population of variable size (in some suitable units) p(t) follows the
growth law Ecllltj = p® — 4p* + 4p. Without solving the DE explicitly:

a) Find all critical points and classify each according to its stability type using a phase-line
diagram.

p> —4p* +4p = p(p — 2)? = critical points are p = 0 and p = 2.

By looking at the phase line we see that 0 is unstable and 2 is semi-stable.

Here is the phase line. H—6—>—§—H P

b) ) Draw a rough sketch (on p-vs.-t axes) of the family of solutions. What happens to the
population in the long-run if it starts out at size 1 unit; at size 3 units ?
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By hand a rough sketch is fairly easy: First draw horizontal
lines at p = 0 and p = 2 (the equilibrium solutions). Next
draw the solutions above p = 2 as curves curving upward,

those between 0 and 2 are "logistic-like” going from 0 to 2

and those below 0 curve down. Below is a dfield plot of
the system. In the long run if p(0) = 1 then p — 2 and if

e = L SN ¢ CO R
T T —

p(o) :3thenp — 0. _0'2‘ TR SRR

c) Explain why the rate information given by the DE was all we needed to get the answer
to part (b).

The rate information was all we needed to draw the phase line and determine the critical
points and their stability types.

3. Let p(D) =D?*+bD+5 where D = 4. a) For what range of the values of b will
the solutions to p(D)y = 0 exhibit oscillatory behavior?

Characteristic polynomial: p(s) = s? + bs + 5. Roots: r =

—b+Vb?-20
5 .

Solutions are oscillatory if r is complex. i.e. if > —20 < 0 = b < /20.
b) For b =4, solvethe DE’s (i) p(D)y = 4e*sint
(i) p(D)y = 4¢e* cost
using the Exponential Response formula. Write your answers in both amplitude-phase
and rectangular form.
Complex replacement: ¢*sint = Im(e?*)") = solve p(D)z = e+, where for (i) y =
Imz, andfor (ii)y = Rez.
p(2+i)=2+i)?+42+i)+5=16+8i =8(2+1)
o2+t

ERF =4_—:r.

= (ERE) z, =445

Amplitude-phase: z, = 2\1662tei(t_¢), where ¢ = tan~1(1/2) (first quadrant)

= | ) yp =Im(zp) = Leﬂ sin(t — ¢), (i) y, = Re(zp) = Lem cos(t — ¢)

25 25

2(2+i)e2t(cost+isint) 5

Rectangular: z, =

1 1
= | @)y, = Eer(zsint —cost).,, (i) y, = Eer(2cost+sint).

c) Givenb = 2, for what w does p(D)y = cos wt have the biggest response?
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Amplitude response

c) Complex replacement gives p(D)z = ¢!, y = Re(z).

plwt i(wt—¢) ~ |
= =A - ]
. 1 <

where amplitude A(w) = . ©
P () V(5 — w?)? + 4w? iy
A(w) has a max. when (5 — w?)? + 4w? has a min. < |
%

= |w = /3 |(practical resonance).

4. Find the general solution to the DE (D° —1)y =

Express the answer using real - valued functions only. Characteristic polynomial: p(s) =
$3—1.

£2mi/3 _ _1 + lﬁ

Roots: 7 = cube roots of unity =1, e 5

x 3 3
General real homogeneous solution: | y. = c1¢* + ¢~ 2(c; cos(T x)+c3 sin(T x)).

_ e 1xe
S IO
(Resonant Response formula) General solution: |y =y, + y.
5.For f(t)=t on —1 <t <1, periodic with period P = 2:

a) Sketch f over three or more full periods P

X

Particular solution: p(1) =0, p'(1) =3 #0 =

Choose endpoint values that show where the Fourier series expansion will converge (with-
out computing the Fourier series).

The Fourier series will converge to f except at the points of discontinuity, where it will
converge to the midpoint of the jump.

b) Compute the Fourier series of f

Since f(t) is odd, we have sine terms only. Then
. 1 n
bn _ zfol tSil"l(TlTL't) dt =2 <_tcos(n7'[t) + sin(nrt) )0> _ _2(71)

ni n2m?

2 & 1)”Jrl
= = ;

c) Compute the steady-periodic solution to the DE x"(t)+ 10x(t) = f(t). Does near-
resonance occur in this situation? If so, which frequency in the ‘driving force’ fo,qq pro-

sin(nrt).
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duces it?

Using complex replacement and the Exponential Response formula, the steady-periodic
sin(at) ) )

T (provided 10 — a“ # 0).

Superposition (using the infinite Fourier series) gives that the steady-periodic solution to

the DE (x” + 10x = foqq)is  Xsp = 2 iﬂ
© P = n(10 — n?n?2)

Since 712 ~ 9.87 ~ 10 the n = 1 term produces the largest response (i.e. ‘near resonance’).

solution to x” + 10x = sin(at) is x =

sin(nrt).

6. a) Suppose that starting att = 0 a radioactive material is continuously flowing into a
container at a rate f(t) in curies per unit time, and that one uses the standard exponential
model for continuous radioactive decay, with rate constant k (in tiéle ). Let R = R(t) denote
the total amount of radioactive material in the container at time t. Give the DE for R(t)

and solve it (in terms of k, f(t) and Ry = R(0)).
DE: R' + kR = f(t), R(0) = Ro.
Solution: (first order linear)

R(t) = e~ /O ' F(u)ek du + Ro).

b) Show that the solution satisfying the IC R(0) = 0 can be written as a convolution inte-
gral. What is the weight function w in this case? What DE does w satisfy?

t t

If Ry = 0 then R(t) = e_kt/ f(u)ek du = / F(u)e ™*=") dy = the convolution f * w,
0 0

where w(t) = e~* is the weight function.

DE for w: w' + kw = §; with rest IC.

7. Let L denote the Laplace transform (as usual). Derive the formula for L (cos(t)), by
expressing cos(t) in terms of the complex exponential.

We know £ is linear and £(e”) = L.
cost = (e +e) = L(cost) = 3(L(e") + L) =35 +7) = 25
_l 1 ejs b e " b s "
8. Compute f(t) = L s sGE1) in both “u -form" and in “cases" form, and sketch
the graph of f.
; iomes 1 1 1
Partial fractions: SoF) T s e 1
L5 - s(§+l)) = 5_1(%)_/3_1(67)4'5_1(511) L
= 1—u(t—1)+u(t—1)e ¢ £y
[ 1 ifo<t<1 =
T et dfr>1 g
%o 2 4 E

9. Use the Laplace transform method to solve the IVP’s

a)y’ -y =2y =0, y(0) =0, y'(0) =2
Laplace transform: (s> —s —2)Y(s) —2 =0

_ 2 _ 2
= Y(S) T 2—s=2 7 (s—2)(s+1)"
Partial fractions: Y(s) = (45 — ﬁ)
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Inverse Laplace: y(t) = 3(e? —e™?).
b)y" +4y = cost, y(0) =y'(0) =0
Laplace transform: (s> +4)Y(s) = 52~ = Y(s) = ( >

241 s2+1)(s2+4) "
Partial fractions: Y(s) = ?fif + Csiif = A= %, B=0,C= —%, D =0.

Inverse Laplace: y(t) = § cost — § cos 2t.

10. Consider an undamped spring-mass system Lx = x"" + x = f(t), where f(t) is an ex-
ternal applied force, and suppose that the system starts out at time t = 0 at its equilibrium
position x = 0 with a velocity x'(0) = 1 (in some suitable units). Using the Laplace trans-
form method, solve for the position function x = x(t) for the following forcing function
f(#):

f(t) is an impulsive force of magnitude Fy at timet = and f(t) =0 otherwise.

Graph the general solution. What happens in the special case Fy = 1, and why?

Express your answer in u-form, and in ‘cases’ form as well.

Expressed in terms of 6, f(t) = Fyé(t — ) = F(s) = Fye ™.

Laplace transform: (s> +1)X(s) — 1 = Fye ™ = X(s) = ﬁ + Fo

T
Inverse Laplace: x(t) = sint+ Fy u(t — ) sin(t — )
. sint 0<t<m
= (1—F0u(t—7r))smt:{ (1—F) sint 7 <t

If p = 1 then x(t) = 0 for t > 7, ie. the mass gets "hammered to rest’ at t = 7.
RN ANE magenta:F0=-.5

_ 2 ) blue:F0=0
N/ : /i black:F0=.5
red:FO=1
green:FO=1.5
cyan:F0=2

1

a5

e e e

11. Find the general real solution to the DE system x' =x—2y y =4x+3y
using the eigenvalue/eigenvector method.

1 -2
1 3 ! =
Matrix equation: x' = ( 4 3 ) X
Characteristic equation: p(A) = A2 —4A + 11 = 0.

Eigenvalues: A =2 + V7i.

Eigenvector (for A =2+ V7i): ( 1 —l—_\zﬁl )

ion X = e(2+V7ilt —2
A complex solution X = e < 14 V7 )

:ezt(cosﬁt+isin\ﬁt) ( 1+i2\ﬁ )

T —2cos /7t — 2isin /7t
- cosxﬁt—\ﬁsinﬁt—i—i(sinﬁt—i—\ﬁcosﬁt)
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Real and imaginary parts: x; = Re(tx) = ¢** < os \[;520\5[\7/:; 7t )
xp = Im(x) = &% ~2sin V7t
2 sinﬁt—kﬁcosﬁt

General solution: v(x) = ¢1x1 + c2X2.

1

a) Find the range of the values of a for which the critical point at (0,0) will be:
(i) a source node (ii) a sink node (iii) a saddle.

Characteristic equation: p(A) = A2 —2aA +a?> —1 = 0.
Eigenvalues: A = a 1.

(i)a>1 = Ay, Ap > 0 = source node.

(i)a < —1 = Ay, Ay <0 = sink node.

(i) -1<a<1l= A1 >0 <0 = saddle.

12. For the DE system x' = A,x with A, = [ 4 011 ]:

b) Choose a convenient value for a for each of the types above, solve, and sketch the tra-
jectories in the vicinity of the critical point, showing the direction of increasing t.

Sketches appear below. We choose a = 2, 0, —2.
(i)a=2

Eigenvalues: Ay =3 and A, = 1.

Eigenvectors vi = (1,1)T and v, = (1, -1)".

Normal modes: x; = &3 ( } ) and x, = ¢! ( _1 )
(i)a=—2

Eigenvalues: A; = —1and A, = 3.

Eigenvectors vi = (1,1)T and v, = (1, —1)T.

Normal modes: x; = e* < 1 > and x, = e~ 3t ( _1 )
(iii) @ = 0

Eigenvalues: A =1and A, = —1.

Eigenvectors vi = (1,1)T and v, = (1, -1)".
Normal modes: x; = ¢! ( } > and x; = e~ < _1 >

13. For the DE system x' =x—2y y =4x—x°:

a) Compute the critical points of this system.
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Critical points: ¥/ =0 = x(4—x%) =0 = x =0, £2.
= critical points are (0,0), (2,1), (=2, —1).

b) Find the type of each of the critical points using the linearized system which approxi-
mates this non-linear system and classify them according to their stability type and also
their structural stability type. (Use the Jacobian.)

Jacobian: J(x,y) = ( 4 —13x2 _02 > .

Crit. pt. (0,0): J(0,0) = ( i _é >

Characteristic equation: p(A) = A2 — A +8 = 0.

Eigenvalues: 1(1+/=31) = spiral source.

Unstable equilibrium, structurally stable.

Direction: test at x = (1,0)7 = x’ = (1,3)"T = counterclockwise.

Crit. pt. (2,1): J(2,1) = < —18 —02 )

Characteristic equation: p(A) = A2 — A — 16 = 0.
Eigenvalues: 1(1+1/65) = saddle.
Unstable equilibrium, structurally stable.

For part (c) we’ll want the eigenvectors:

<1—/\ —2)(&1)_<0>:> (1—)\)111 — 2612 =0

-8 A az 0 81y — Aap = 0
_1_‘_\/@ o 4: ~ 4

For Ay = =52 :>v1—<1_\/@)~<_7'1 )

_ 4 4

Crit. pt. (—=2,—-1): J(—=2,-1) = ( 1 = ),same as (2,1):

-8 0
saddle, unstable equilibrium, structurally stable.

¢) Using the results of part(b), compute the eigenvectors as needed. Now put it all together
into a reasonable sketch of the phase-plane portrait of this system. Is there more than one
possiblity for the general shape and stability type of the trajectories around each of the
critical points in this case? Why /why not?

There is only one possibility for the general shape and stability type of the trajectories near
each critical point since they are all structurally stable.
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14. Same instructions as 13 for the DE system x' =y y =2x—x% a)Critical points:

by inspection (0,0) and (2,0).

b) Jacobian: J(x,y) = ( ) —02x é ) .

Crit. pt. (0,0):  J(0,0) = ( (2) (1) >

Characteristic equation: p(A) = A2 —2 = 0.
Eigenvalues: A = +4/2 = saddle.
Unstable equilibrium, structurally stable.

Crit. pt. (2,0): J(2,0) = ( _02 g) )

Characteristic equation: p(A) = A2 42 = 0.
Eigenvalues: +i\/2 = center.
Stable equilibrium, not structurally stable.

¢) There is only one possible type and general shape near the critical point at (0,0) because
it’s structurally stable. But near the critical point at (2, 0) the non-linear system could look
like a center, a spiral source or a spiral sink. By perturbing the system we got the computer
program to draw all 3 possibilities.

R

A W m

-~ spiral sinkat (20) | |

L I /]
o 1 2 3 4
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