SOLUTION SET X FOR 18.075-FALL 2004

5. BOUNDARY-VALUE PROBLEMS AND CHARACTERISTIC-FUNCTION REPRESENTATIONS

Please do Problems 49, 50, 58 and 61 first. Problems 54 and 55 have been removed
from the original list of problems. Problems 36-38 and 60 are optional yet useful; the
corresponding material of Sec. 5.8 will be discussed in class.

5.8. Boundary-Value Problems Involving Nonhomogeneous Differential Equa-
tions.

36. Obtain the solution of the problem d2—g + Ay = h(x), y(0) = y(I) = 0 in the form

nrx
<z<
ZAanZ/ZQ l Osz<)

when A # (n7w/l)? (n = 1,2,...), where A, is the nth coeffient in the expansion h(z) =
Yoy Apsin M2 (0 < 2 < 1), assuming that h(x) is piecewise differentiable in (0,1).

Solution. The strategy is to express the solution as y = > a,pn(z) where ¢, (z) are the

characteristic functions of the homogeneous equation 2%’ + Ay =0. Then (A —\,)a, = 4,
where A,, are the coefficients of h(z) = > Appn(x).

First we will solve the homogeneous equation ji—g + Ay =0, y(0) =y() =0. So
y(z) = Crsin(VA- )+ Cycos(VA-z)

and y(0)=0 = Cy=0
and y(I) =0 = Cisin(vVA-z)=0
= sin(VA-z)=
nm\ 2
= a=(7)
= @p(z) =sin (nl_wx>

So since we'’re given that A # ("l—7r)2 , n > 0, this means that A # A\, so a, = AL, n >0

and the A, are the coefficients in the expresion of h(z) = Yo" | Apsin (22), 0 <z < L.
Thus, indeed in this case

Zan‘Pn Z A n27r2/l2 i (nm:) (0 <z <)

Date: December 9, 2002.




2 SOLUTION SET X FOR 18.075-FALL 2004

37. Obtain the condition Wh1ch rnust be satisfied by a piecewise differentiable function

h(x) in order that the problem 4+ p y = h(z), y(0) = y(I) = 0 possesses a solution,
when p is a positive integer, and express the corresponding most general solution as a series

> apsin(nmz/l).

Solution. A = p21§2 = Ap so since (A — A\p)a, = Ap, and A = Ny = A, = 0. But

A, = fo ) dzx. Hence, fol h(z)sin (25%) dz = 0. Thus, substituting into the
solution of Problem 36,

. Ap .
y(w) = Z ) + Sin (m;—x)

e 0 F
=2 A, <n7rm>
= - sin
= 2 p2 — n2 I
n#p
2 A, N
= — sin knowing that A, = 0.
w2 £~ p? —n? ( l ) ( & P )
n#p

38. Let h(z) = sin(prz/l) in Problem 36, where p is a positive integer.

(a) Show that the solution of that problem then is y = % if A # (nm/1)? (n
1,2,...).

(b) If A = (rn/ l) where r is a positive integer but r # p, show that the solution of part
1?2 sm(pﬂm/l)
m2 rI—p?
multiple of sin(rmz/l).

(¢) Account for the nonuniqueness of the solution in part (b).

(a) becomes y = and also show that to this solution can be added any constant

Solution. (a) Let h(z) = sin (B%), but h(z) = > oo | Ansin (27%), so A, = 0 except for
n=pand A, =1. So

y(r) = ——5= -sin (nT) if A # <n7m:>27 n > 0.

(b) Substituting in A = (T’T) in Problem 36, we get

2 i (7F)

y:ﬂ'2 r2 — p2

Now let

l2 sin (P™%
Y= _.M—%Csin(@), C : const.,
w2 72— p? l
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and show that y satisfies y” + Ay = h(x). Indeed,

Ip pPIT T rTT
I P —_ —_
vo- 7T(r2—p2)cos< )+ 0T eos ()
2 22
P . (PTT rin? | /row
PN ES
Sy + Ay =~ sin () - 0 T sin (710)
YTRE Ty I 2 T
r2m? 2 . /pTx rUT
+ 12 (7r2(1“2p2) sm( l >+Csm (T))
_ (pm)+ o (pm)
N rz—pzs l r2 — p? ST

= sin (#) = h(z).

(¢) The nonuniqueness of the solution is accounted for by remembering that the gen-
eral solution of a second order nonhomogeneous differential equation is of the form y =
Yparticular + Yhomogeneous- INOW in the first part of (b) we found a particular solution, so we
should be able to add the homogeneous solution to it and still be a solution. But from the
solution of Problem 36, the homogeneous solution is #homogeneous = C1 sin (@) Thus the
general solution is

Y = Yparticular + Yhomogeneous

12 sin (@) . /rTT
F'W+CI$D(T)

which is exactly what we discovered in the second part of (b).

5.10. Fourier Sine Series and Cosine Series.

In almost all problems of this section, the main idea is to apply integration by parts in
order to carry out the integrations for the coefficients of the Fourier series. You are strongly
advised to actually do the calculations at least once by yourselves.

49. Expand each of the following functions in a Fourier sine series of period 2[, over the
interval (0,1), and in each case sketch the function represented by the series in the interval
(—31,31):



0 (x <0),
(a) f(z) = { 2(l—z) (z>0),
l
@ s@={ 5 011
(e) f(x) = { (S)inﬁ_x Egtiefwfse))

Solution. (a) Let f(x) = Ay sin %7 in

2t
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0 (x <0),
) flx)=q =  (0<z<y)
l—z (z> 1),
(d) f(z) = sin 5f,
L (0<z<e<),
(£) f(@) = { 0 (otherwise),

(0,1). Then we apply integration by parts to

get
2 l
A, = —/ (lfx)smwdx
L Jo l
2 —1 [
= - — [ z(l—2x) dcos 22
I nm )y l
2 nrax |l ! nTT
= —— { (I — x)cos — —/ (cos—) (I —2x) dx
nm l 0 0 l
2 l
= — (l—2x)cosw dz
nm Jo l
!
= 2L 20) dsin T
nt nm Jy l
21 ! :
4] L o
= 2—7r2/ sin — dx
n 0
Coar (_ nmc) :
- n3qd T 0
412 .
= W[l - (=1)"]
It follows that
A 0, if n is even
" n%ljg, if n is odd.

Consequently, the Fourier sine series reads as

(2n -1)

Z 2n—1

(5

l

m) in (0,1).
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(b) Let f(z) =372, Apsin 272 in (0,1). Then we get

L l
(/2xsinnlﬂ dm+[(l:€)sinn7;—x dx) (y=1—1x)
0 2
3 nwe 0 nr(l —y)
/ xsin—der/ y sin ———= d(l — y)
0 l % {
3 3
</ o sin 2L da:Jr(l)"H/ o sin 2L dx)
0 ! 0 !

2(1+ (-1)"1Y) 2
l 0 e

=2(1+ (=)™ r2
= ( +(=l )/2avdcosm
0

A, =

~ o ~ o

~|no

nm
=2 (1+ (=11 ( nmx
= T cos ——

nm

n L
= 2(1+(_1) H) </2C08@d$—£COSH—W>
0

nmw l 2 2
214+ (=" nr 214 (=" nm
= sin — — ©— oS —
n2n? 2 nm 2 2
So,
4 0, if n is even
" nsl—jrg-(—l)nTil, if n is odd.

The desired Fourier sine series reads as

4 K (-t (2n - Dma

flx) = = Gn 172 sin ] in (0,1).
n=1

(c) Let f(z) =32, Apsin 272 in (0,1). Then we have

1l
) L
A, = _/QSmm;_fdx
0
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Then,
4 X sin? w nwT
flx) = — nzzzl —— sin—
(d) Let f(z) =72 Apsin 272 in (0,1).
) l
A, = —/ smﬂsm@ dz
I Jo 21 l
_ l/l cos (2n — Dz (2n + )7z J
L Jo 21 [
(2n—1) (2n+1)
= sin 2 sin x
(2n —1) 0 (2n+1) 0
8n
— -1 n—-1___ %"
(=1) (4n2 — 1)1’

by use of the identities sin(nm— %) —sin(nr+%) = 2(—1)""! and sin(nm— %) +sin(nr+ %) =
0. Then

L. nmwx

8 o= (—1 n . )
f(:c)—;ng1 i1 Sn— in (0,1).

(e) Let f(zx) =372, Apsin 272 in (0,1). Then we have, for n > 1,

l
9 [t
Aps1 = 7/2 sinﬂszin@ dzx
0
1 [z -1 1
= —/2 cos(n )ME—COS(n+ Jrz d
L Jo l !
1 S 1 (ntl)e
= sin x — ———sinz
(n—1)m 0 (n+ 1) 0
B 0, if n is odd
a (-2t 7r(n22n—1)’ if n is even.

On the other hand, for n =1,

A = %/5 (sinﬂTx)2 dz
0
1
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Finally, we get the sine series

1 1z 4 (71)"_1071 . 2nmx
fa)=gsinam+ 20 gy STy

(f) Let f(x) = > 02, Apsin 7% in (0,1). Accordingly,

A, = g/ 1sin@alac
l06 l

nmwe

— - l
o cos x|

2 nme
= — (1 — CoS —) .
enm l

Then

o
2 1 — cos 2F€ ”7“ . nmx
:—g sin T
e
n=1

50. (a-f) Expand each of the functions listed in Problem 49 in a Fourier cosine series of
period 2I, over the interval (0,[), and in each case sketch the function represented by the
series in the interval (—3[, 30).

Solution. (a) Let f(x) = Ag+ > ;21 Ancos 22 in (0,1). Accordingly,

4y =




Forn > 1,

It follows that

=t _

(b) Let f(x)
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/ f(x COS— dx

—/ (l—:v)coswdx
L Jo l

9 l
— [ z(l—2)d <sin w)
nm Jo l
) l
—— [ (I —2x)sin LU
nm Jo l

21 ! nwx
n271'2 /(; (l — 2%) d (COb T)
21 l !
) ((l — 2x) cos “lﬂ‘o + 2/0 Cos? dx)

21
n2n2 [

{ 0, if nis odd

—l cos(nm) —lcos0+ 2 - 0]

2 e
—#, if n is even.

2n7m 12 2N 1 2nmx

-5 5 D).
2n22 l 6 2 n2 I D(O,)

n=1

= Ao+ > 02 Ay cos B2 in (0,1). Accordingly,

L

(/02xdw+ﬁl(l—w) dx)
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Forn>1,

1
9 L l
A, = 7(/2xcos$dx+[(l—m)cos%dx> (y=1-1x)
0 2

1/2 0 _
[/ xcos—dx—i—/ yCOSMdy]
0 12 !

§ Dl )/0 xcos%dw
= %/0 xd(sinmlr—x>

2(1 4 (—=1)") nmT |3 2
ot (el

~| o

z

=
‘:
~|3
&

QU
K
N———

= T sin —
nmw l
1
2(1 1" 3
= 7( + (=D ESinn—W—i-L ’ dcos—mm
nmw 2 2 nm Jo l
2 _1\n
= Gl ESlnEwLL(cosn——cosO)
nmw 2 2 nmw 2
0, if n is odd
- nilrz : (1 (—1)%) , if n is even.

n2x2?

— 8L, ifn=2 (modd4); n=4k—-2 k=1,2,...
0, otherwise.

It follows that

i) = z_z( 8 (k-2

4 4k — 2)272 !
k=1
I o2& 1 (4n — 2)7x |
= 1~ Fnﬂ Gn_ 1) Cos l in (0,1).

(c) Let f(z) = Ag+ > n2; Apcos B in (0,1). Distinguish cases as above (n = 0 and
1

L
2
/ dx
0

Ay =

M| = o~
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Forn > 1,
!
9 rt
A, = —/2C08@d$
L Jo l
2 1 |7 2 _onrm
= —.—sginx| = — sin—
I nrm 0 nmw 2
B 0, if n is even
T L2 (=", ifnisodd.
So,

(d) Let f(x) = Ao+ > 2 Ay cos 7% in (0,1):

1 l
Ay = /sinﬂ—xdaz
0

For n > 1, we get

9 i
Ap>1 = j/osin%cos? dx

l —
_ 1/ <sin (2n 4+ Dmz “in (2n 1)7ra:> I
0

l 2l 21

1 21 21
1 <(2n +Dr (2n— 1)7r>
4
S (An? = r

Then,
2 4 & 1 nmwT
_2_= i l).
fay==-2%" os in (0,1

T an? — 1 ¢ l
n=1

(e) Let f(x) = Ao+ > o2 Apcos B in (0,1). As I said in class, it is advisable that we
distinguish the cases n =0, n =1 and n > 2 for the coefficients A,. Accordingly,

1
1 2
Ay = —/ sinﬂdx
0



An22

It follows that

(f) Let f(z)

It follows that
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1
9 4
A = —/lenﬂcosﬂdx
L Jo l l

1
1 [2 2
= / sin il dzx
0 l

3= =l

Y

2 / 3 T nmwx
— sin — cos — dx
' Jo l l

12/ . (n+1) 1
_/ gt Ymz (- Dz
I Jo l l

L L S ek Y L P
RICES: ) T - r o8

n81n(2)—1

1
f(m):;<1+cos7+2z g o8

n=2

= Ao+ > 02 Ay cos B in (0,1):

1 €
AOZ —/—dm
loﬁ

_ 1
= T
2 1
Ap>1 = 7/ Ecsﬁdaz
0
_ 2 sin("f)
T ne

11



