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5.11 Complete Fourier series

58. Expand each of the following functions in a Fourier series of period equal to the length
of the indicated interval of representation:

(a) f(z) =a+bx (0<z<P),
w0 ={] £30 Creo<,
(¢) f(z) =sinz (0<z<m),
(d) f(z) == (1<z<?2)

Solution. In this problem, we need to expand a function f(z) in a complete Fourier series
n (a,b); the periodic extension of f(x) has period equal to the length L = b — a of the
interval. With

f(z) = A0+ZA cos 2~ L/ +Bn51nL—/2]
the coefficients are given by the formulas

b
Ay = [ deso)

L

2 [ 2
Ap>1 = Z/ dx f(x) cos n;/rw’

2 [? 2
Bp>1 = E/ dx f(x) sin n;x,

which are direct generalizations of the formulas derived in class for the symmetric interval
(—1,1) where L = 21.
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(a) Let f(z) = Ao+ Y02 (Ancos Z22L + B, sin 2272) in (0, P); then,

1 [P
Ay = F/o (a + bx)dx
bP

= a+7, and, for n > 1,

dzx

2 (* 2
Ap>1 = F/ (a + bx) cos o
0

1 [P
= — [ (a+bx)d (sin

nm Jo

2nmx

P P
2
/ bsin TZTCC dx)

0 0
B bP P d 2nmx
2272 TP

= O’

9 P
Bp>1 = F/ (a + bx) sin
0

2nmx

- L ((aerx)Sin

nm

2nmx

dzx

1 P
= —— (a+bx)d <COS

nm Jo

2nmx

P P
2
—/ b cos Tgx da:)

S ((a+bm)cos

2nmx

nm 0 0

bP

nm

It follows that
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(b) Let f(z) = Ao+ > oy [An cos(nmz) + By sin(nmz)| in (—1,1); then,

AO:/f
zl/odx

So,

2
_ 1
= 3
1
Ap>1 = / cos(nmx) dr =0,
0
1
Bp>1 = sin(nmzx) dz
0
1 M
= —— [ d[cos(nmz)]
nm Jo
- L [1 — cos(nm)]
onrm "
1
- (-1
Ly
_ 0 ifniseven
- 2 if n is odd
1 2
f(z 5 — (Z sm 2n — 1)7rx]> .

(c) Let f(x) = Ao+ > ey [An cos(2nz) + By, sin(2nz)] in [0, 71]; then,

1 (7 2
Ay = —/ sinr dxr = —,
™ Jo s
2 s
Ap>1 = ;/ sinx cos(2nz) dx
0

L[ . .
= ;/0 {sin[(2n + 1)z] — sin[(2n — 1)z]} dz

1 2 2
 or\2n+1 2n-—1

4
m(4n? — 1)’

s
Bp>1 = / sinz sin(2nx) dx
0

2
= l/ {cos[(2n — 1)z] — cos[(2n + 1)z]} dz = 0.
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So,

f(z) = % — % (Z 412217_1 : cos(2nac)> in [0, 7].
1

n=

(d) Let f(z) = Ao+ > o [An cos(2nma) 4+ By, sin(2nmz)] in (1,2); then,

2
3
Ay = /1xdx:§,

2
Ap>1 = 2/ x cos(2nmx) dx
1

1 /2
= — d(sin(2
e x d(sin(2nmx))

nm

1 2
= — (a: sin(2nmz)|} —/ sin(2nmz) dx) =0,
1

2
Bp>1 = 2/ xsin(2nrx) dx
1

1 /2
= —— d 2
o . x d(cos(2nmx))

1 2 1
= —— (a: cos(2nmz)|} —/ cos(2nmz) da:) =——.
1

nm

So

3 1o
———Z sin(2n7x) in (1,2).
™

\V)

60. Obtain the Fourier series of period 27 which represents the solution of the problem

2
Z 5+ Ay =h(@), y(-m) = y(m), ¥(-7) = ¢/(v)
when
0 (—m<z<0)
hz)=¢ 1 (0<z<3)
0 (F<z<m)

assuming that A # p? (p =0,1,2,...).
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Solution. Let h(z) = ag + >4 [an cos(nz) + by sin(nx)] in [—n,7]; then,

1
= N d e
ap o X ;
1 (2 1
an>1 = —/ cos(nz) dr = — sin E,
= T Jo nmw 2
1 [2 1
by>1 = —/ sin(nz) de = — (1 — coS n_7r> .
= T Jo nw 2

So,

h(z) = i + % i 1 [sin % cos(nz) + <1 — cos %) sin(nm)} :

Let y = Ao+ Y ooy (A, cosnx + By, sinnz) be the solution of f;—g + Ay = h(z), y(—m) =
y(m), y'(—m) = y'(7). We determine A,, and B,, as follows:

I 1nl
h(z) = Z — Z — [sm — cos(nz) + (1 — cos n77r> sin(nm)}
™ n
d%y
= — +A
dx? + Ay
= AAy+ Z )[Ap, cos(nz) + By, sin(nz)],

by differentiating the Fourier series term by term. This relation gives Ag = ﬁ, and, for
1—cos &°

n>1, Ay>1 = %, Bp>1 = m Thus, the solution is

1 1 Z sin % cos(nx) + (1 — cos %) sin(nx)

y:ﬂ—i_ﬂ'n:l (A —2) in [—m, 7).
61. a) If the representation
f(m):Ao—i—ZAncosnlﬂ 0<z<l

n=1

is valid, show formally that

2 [ 2 2 2
- dr =2A Az
[ G =2 s a2
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Solution: Clearly,
2

l l oo
/ (f(2)? dz = / Y Aneos T da
0 0 n=0 l
00 l
= Z AL A (/ cos m;r:c cos nlﬂ dw) .
0

m,n=0
But
! 0, if m#n
mmnx nwT .
/cos l cosde: , if m=n=0
0 /2, if m=n>1.

It follows that l o
/0 (f(z))? dx:l-A?pLéZlAi.
Hence, "
%/Ol (f(x)? da =242 —l—iAi.

b) If the representation

f(z) = Zanm@ 0<z<l)
n=1

is valid, show formally that

2lm2x—002
| U 4 =35

Solution:
! & nTT ?
) dx = B, sin — dx
(f(z))
0 0 \n=1 !
0 l
= Z BmBn/ sin mre sin@ dx.
0 l l
m,n=1
But
/lsin mre sin—mm dr = % me=n
0 l l 10 m#n
This implies that
[ o0
l
2 2
T dr = = Bz,
[ gy ar=5> 5

Hence,

glxzx—oo2
) U ar =382
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c) If the representation

f(x):Ao—i-Z(Ancos?—i—anin?) (=l<z<l)
n=1

is valid, show formally that

l
i [ vy $—2A0+2A2+BZ

Solution:

[uwpaw = [ <AO+Z(A con ™22 1 3, Smmlf_w)>2 N
= > A [ o™ o "

m,n=0

+ Z B,.B, / smm;msin@dx

m,n=1

oo o0

l
+ QZZAmBn/_lcosm;wsin@ dx

m=0n=1

By virtue of

l l
mmx nmwx . mTT . nIT
/COS coS da::/sm ; sin de—Oform;én
-l —1

!
/ CoS m;m sin % dx =0, for all m,n,
-1

1
/ dx = 2,
—1

and l , l ,
/ (cosm;—x) dx—/l<sinnlﬂ> de=1, n>1,
we find that B l ) -
/l (f(2)® do=20A5+1> (A% + B?).
Hence, "~

1 l
7/l(f(g;)f da::2A3+Z (A% + B2).





