SOLUTION SET VII FOR 18.075-FALL 2004

4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS:SPECIAL FUNCTIONS

4.10. Differential Equations Satisfied by Bessel Functions. .

46. Obtain the general solution of each of the following equation in terms of Bessel functions
or, if possible, in terms of elementary functions:

(a) zy" =3y 4+ xy = 0,

(b) zy” —y + 4ady = 0,

(c) 2%y +ay — (x* + 1)y =0,

(d) zy” + 2z +1)(y' +y) =0,

(e) zy” —y —xy =0,

(f) x4yll —"_ a2y - 9

(8) y' — 2y =0,

(h) zy” + (1 +2z)y' +y =0.

(i) zy” + (1 + 4x2)y’ +x(5+ 4:E2)y =0

Solution. (a) Rewrite the equation as:

7

22y" — 3y + 22y = 0.

Following the method described in section 4.10 and in class (in coming Friday!), let A =
2,B =0,C = 1,5 = 1,p = 2.Then,letting Y = y/22, X = = we get that Y satisfies the
following differential equation:

XY"(X)+ XY/ (X)+ (X2 -4)Y(X)=0
hence Y = Z5(X). Therefore, the general solution of the equation in (a) is given by:
y = 2%(c1Ya(x) + coJo(z)).
(b) Rewrite the equation as:
a;2y” —xy + 4x4y =0.

Following the method described in section 4.10 and in class, let A=1,B=0,C =1,s =
2,p = 1/2. Then,letting Y = y/x, X = 2 we get that Y satisfies the following differential
equation:

XY"(X)+ XY'(X)+ (X2 - 1/4)Y(X) =0
hence Y = 7 1 (X).Therefore, the general solution of the equation in (b) is given by:

y= x(clJ% (2%) + chfé(azZ)) = Oy cos z* + Cysin z2.
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(c) By setting X = iz, the general solution is found to be y = ¢111(x) +c2f_1(z). Since
2 2
(z) = \/Zsinhz, and I_1(z) = y/2 coshz, the general solution reads
2

2
y = 1/ —(cysinhx + ¢ coshz).
T

(d) Rewrite the equation as

22y + 22z 4+ 1)y + (222 +2)y = 0.

Following the method described in 4.10 and in class, let A =0,B =C = 1,r = 1,5 =
1,p = 0. Then, letting ¥ = ye®, X = x, we get that Y satisfies the following differential
equation:

XY"(X)+ XY(X) + X*Y(X) = 0,
hence

Zo(X

) =Y = ado(X) + e2Yo(X).
Therefore, the general solution of (d) is
e”

y = e “(ado(z) + c2Yo(x)).
(e) Rewrite the equation as
xzy” _xy/ _xzy = 0.
Similar to (d), one can see that if welet [A=1,B=0,r=0,C =4,p=1and s = 1]
Y = g, and X =iz
x

then X, Y satisfy

X2Y"(X)+ XY'(X) + (X - 1Y (X) = 0.
So Y = Z1(X), and, hence, the general solution is

y = zZ1(ix) =y = z(ali(z) + aKi(x)).

(f) Rewrite the equation as

IS
o

xzy”—}— —Yy = 0.

I 5,

Similar to (d), one can see that if we let [4 = 3,

B =
Y oand X =

VA

then X, Y satisfy
1
X2V (X) + XY'(X) + (X = Y (X) = 0.
SoY =27 1 (X), and, hence, the general solution is
a a a
= Zi(-)=>y = in (— -)).
NZ %(x) y x(clsln($)+CQCos($))

(g) Rewrite the equation as
ny//_x4y — 0
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Similar to (d), one can see that if we let [A = fracl2,B=0,r =0,C = %,p = i and s = 2]
.9

1

Y = dX=—
an 5

Y
V'
then X, Y satisfy
1
X2Y"(X) + XY'(X) + (X2 - —)Y(X) = 0.

16
SoY =27 1 (X), and, hence, the general solution is
1 z? x2
y = \/Ezi(??) =Yy = \/3_6(011%(7) + sz_i(g))-
(h) Rewrite the equation as

22y +x(1422)y +xy = 0.

Similar to (d), one can see that if we let [A=0,B=1,r=1,C =i,p=0and s = 1]
Y =ye*, and X =iz,
then X, Y satisfy
X" X))+ XY'(X)+ XY (X) = 0.
So Y = Zy(X), and, hence, the general solution is
y = e “Zyliz) =y = e “(crlo(x) + c2aKo(x)).
(i) Rewrite the equation as
22y + x(1 4 42?)y' + 22(5 + 42%)y = 0.
We notice that if welet [A=0,B=1,r=2,C=1,p=0and s = 1]
Y = eIQy, X =,
the differential equation becomes
X2Y"(X) + XY(X) + X?Y(X) =0,
which has solution Y (X) = Zy(X). Hence, the general solution to the given equation is
y(x) = e Zo(x) = y(x) = e (crJo(x) + e2Yo(2)).

47. The following two equations each have arisen in several physical investigations. Express
the general solution of each equation in terms of Bessel functions and also show that it can

be expressed in terms of elementary functions when m is an integer:

(a) y" — %y = Moy,

(b) ¥ — 2y — o’y = 0.
Solution. (a) Rewrite the equation as
22y — (P2 +m(m+ 1))y = 0.
,B=0,r=0,C =

N[ —

Use the method we used in problem 46, we get that, if we set [A =
ia,p:m—l—% and s = 1]



4 SOLUTION SET VII FOR 18.075-FALL 2004

Y

V= 7
V'

and X = iax,

then

1
X2Y"(X) + XY'(X) + (X2 — (m + 5)2)Y(X) = 0.
SoY = Zm+% (X), and the general solution is

z(c1l | 1(ax) 4+ col 1\ (e if m + % is not an inte er,
y = ez, lier) = {\F( me 4 (00) T2l )(00)) 2 8

\/E(clwa_%(ax) + cszH_%(ax)) if m + % is an integer.

Since I, 1 can be expressed by elementary functions when m is an integer, it’s clear that
2

the general solution can also be expressed by elementary functions when m is an integer.
(b) Rewrite the equation as

x2y” — 2may’ — a2x2y = 0.
Use the method we used in problem 46 and in class, we get that, if we set [A = m + %, B =

0,r:O,C:ia,p:m+%ands:1]

y =4 _ -, and X =iax,
™t
then ,
X" X))+ XY'(X) + (X2 — (m + 5)2)1/()() = 0.

SoY = Zm+% (X), and the general solution is y(z) = xm+%Zm+%(iam), which is

y(z) = xm+%(clfm+%(am) + CQIi(er%)(a:c)) if m+ % is not an integer,

— 1

xm+§(01[m+%(ax) + csz+%(ax)) if m + 3 is an integer.

Since I, 1 can be expressed by elementary functions when m is an integer, it’s clear that
2

the general solution can also be expressed by elementary functions when m is an integer.

48. Show that for the differential equations
2y +3y +4dxy = 0

the condition y(0) = 1 determines a unique solution, and hence that y’(0) can not also be
prescribed. Determine this solution.

Solution. Rewrite the equation as

2

+ 3z + 42y = 0.

Similar to problem 46, one can see that if welet [A=—-1,B=0,r=1,C=2,p=1,r=0
and s = 1]

$2y

Y =2y, and X = 2z,
then X, Y satisfy
XY (X) + XY'(X) + (X? - 1)Y(X) = 0.
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So Y = Z;(X), and, hence, the general solution is

y = 27 21(22) = 27 Y1 J1(22) + Y1 (22)).
According to the relations (as x — 0)

B~ T e Yol -,
where p = 1, it’s easy to see that y(0) = 1 implies ¢; = 1 and ¢o = 0 since the second term
blows up at = = 0! So the condition y(0) = 1 determines a unique solution, which is

y = x 1 (22).

49. Find the most general solution of the equation
22y +xy + (2% — 1)y =0

for which
lirr%) 2rzy(x) = P
r—

where P is a given constant.
Solution. This equation is the Bessel equation with p = 1. Clearly,
y(w) = 01:]1(%') + CQYl(x)

is the general solution of the above equation. From the behavior of Ji(x) as x — 0, we

lir% 2z Ji(z) =0

deduce that:

therefore the condition in the exercise is reduced to
lim 272Y)(z) = P.
xz—0

From the behavior (as z — 0)
2°(p—1)! _
Yp(x) ~ B p

we get that:
lim 2Y;(x) = —2/m.
x—0

Hence the required limit condition implies
Cy = —P/4.

Thus the most general solution of
2y +ay' + (@ =y =0

for which
lin%) 2rxy(z) = P

y(z) = Cos (x) — ng(:U).
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50. The differential equation for small deflections of a rotating string is of the form

d , _dy
dx (de
Obtain the general solution of this equation under the following assumptions:

(a) T = Tox"™, p = poxr™; Tp = I>pow?.

(b) T = Tox™, p = po, n # 2; Tp = pow?.

(c) T = Tox?, p = po; To = 4pow?®.

)+ pw?y = 0.

Solution. (a) Rewrite the equation as
2

x2y" +nxy + 5;—234 = 0.
By the method used in problem 46, we get that, if we set [A = —"T_l, B=0,r=
+,p="51 and s = 1]
Y :anily, and X = %,
then )
X2Y"(X) + XY'(X) + (X2 - (”; )Y (X) = 0.

SoY = Zx-1(X), and, hence, the general solution is
2

in x
y = x 2 Z”T_I(T)'

(b) Rewrite the equation as

1
33‘2:1// + nxy/ + Wy = 0.
By the method used in problem 46, we get that, if we set [A = —"771, B=0,r=
2 _ (n—-1)? _2—
e—n)y P = (272)2 and s = "]
n—1 2 2-n
Y=x72y, and X = T2,
[(2—mn)
then ,
X2V"(X) + XV'(X) + (X2 — (2= DIV (X) = 0
n [e—
SoY = Z.-1(X), and, hence, the general solution is
n—2
1-n 2 2—n
= 272 Zn- 2.
y T 2 T*;(Z(Q_n)x2)’ n#

(c) Rewrite the equation as
d 1
— 42y (z)) +y = 0= 22" + 22/ + =y =0.
dx 4
Let Y = \/xy, then the equation above becomes [A = —%, B =0,r =0,and s = 0]

Y”(X)+$Y’(X) ~ 0.
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SoY/'(X)=cx ! and Y = [Y/(X)dx = ¢; logz + co. Then the general solution is

y = m_%(cl logz + ¢3).



