SOLUTION SET IX FOR 18.075-FALL 2004

5. BOUNDARY-VALUE PROBLEMS AND CHARACTERISTIC-FUNCTION REPRESENTATIONS

5.6. Orthogonality of Characteristic Functions.

22 Reduce each of the following differential equations to the standard form -2 =(p dw) +(q+

—ay + Ay =0 (a, ¢ constants).

Ar)y = 0:

(a) mdx +(x+ Ny =0,

(b) %—i— dycotx—i—)\y—O

(c) & y | adx (b+ Ay =0 (a, b constants),
(

d) g—y +(c—z)

Solution. (a)

Ly dy Py o ody
d  5dy
= %(x dac)+(x +Ax)y =0

2

d>y dy d dy
+—cot1‘+)\y—0 & smmd—g—l—cosxd—+)\smx y=10
x

de? ' dx
d . dy .
= %(SIDSL'%) + Asinz-y=0

d2y dy d2y dy axr ar
d amdy axr axr —
= %(e dgj)—k(b‘ae + A e)y=0
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d’y dy
x@+(cf:v)£fay+)\y:0
d%y c dy —ae Fz¢ e "x¢
-z c?J —x e ” 27 -0
& e xdx2+e x(x )dx+( . + - )y
d —x cdy —x_.c—1 —x_.c—1 _
& d:c(e xd:c)+( ae x4+ Xe 2z Ny =0

23. By considering the characteristic functions of the problem

Py

dx?
with o > 0, and using the results of Section 5.6, show that

l
/ sin(pyz) sin(pgz) de =0
0

when 1 and po are distinct positive solutions of the equation tan(ul) + aul = 0.

+pPy =0, y(0) =0, aly'(l) +y(l) =0,

Solution. The general solution of j;—g + p?y = 0, where p # 0, is y = ¢ cos px + co sin p.

p2(# 0) is a characteristic value only if

(1) y(0) =0=c1cos0+casin0 = 0, and

(2) ady/ (1) +y(l) =0 = alley cos(pz) + cosin(pz)] |o=; + [c1 cos(ul) + casin(ul)] = 0
Equation (1) implies ¢; = 0,c2 # 0 and (2) gives alpcos(ul) + sin(pl) = 0 which is

equivalent to

(3) tan(ul) +apl = 0

So the nonzero characteristic values of the given problem are the non-zero solutions of
(3). We can easily see that if p is a solution of (3) then y = sin(ux) is a solution of the
given boundary-value problem. Thus, we conclude the set of nonzero characteristic values
of the given problem is A = {u? real : p > 0,tan(ul) + aul = 0}, and for a u? in A the
corresponding characteristic function is sin(uz).

Now consider the integration fol sin(puyx) sin(ugx) dx, where py # pa, p1, pe > 0, tan(ul)+
apl = tan(usl) + apsl = 0. Clearly, if one of 1, s = 0, then fé sin(p1x) sin(uox) dox =

fol 0 dz = 0. If both p1, po # 0 then sin(uz) and sin(pex) are characteristic functions of
the given problem, corresponding to different characteristic values. Note that in our case,

we have r(z) =1, so fol sin(pyx) sin(ugzr) de = fol r(z) sin(piz) sin(pgz) dz = 0.

24. By considering the characteristic functions of the problem

d? d
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and using the results of Section 5.6, show that

l
/ xJo(pz)Jo(pex) de =0
0

when pq and po are distinet positive roots of the equation Jo(ul) = 0.

Solution. Let X = px, then Xzfll% + Xg—g + X2y = 0. So the general solution of the given
equation is y = Zo(X) = Zo(px) = c1Jo(px) + caYo(px). Then p?(# 0) is a characteristic
value of the given boundary-value problem only if

limo[clJo(ux) + coYo(px)] is finite and ¢1Jo(ul) + eoYy(ul) = 0.
Since lin% Jo(px) =1 and lin% Yo(puz) = —oo, the finiteness of the limit

1im0[clJ0(,u:L°) + oYy (px)] implies that co = 0

Hence ¢; # 0, and the second boundary condition implies Jo(ul) = 0. On the other hand,
it is clear that if g > 0, and Jo(ul) = 0 then Jy(ux) is a solution of the given boundary
problem.

Now we conclude that the set of non-zero characteristic values of the given problems
is A = {u? : Jo(ul) = 0}, and for pu? in A the corresponding characteristic function is
Jo(nz). Note that, in this problem, r(z) = z, so for any two distinctive characteristic
values p?, u2 we have fol xJo(pix)Jo(pex) dr = 0. That is, if py,pue > 0, p1 # pg and

Jo(pal) = 0 = Jo(peal), then fol xJo(pz)Jo(pex) dx = 0.

5.7. Expansion of Arbitrary Functions in Series of Orthogonal Functions.

31. Determine the coefficients in the representation f(x) = > -, A, sin(nz), (0 <z < ),
in the following cases:

1 (z<m/2),
(a) f(x) =1, (b) flz) =, (c) fx) = § 3 (z=7/2),
0 (x>m/2)

Solution. We know that A, ffr(w)[gon(w)]z dx = f;r(x)f(a?)cpn(x) dx since the functions
sin(nz), n=1, 2, 3, ... are orthogonal for 0 < z < 7.
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(a) Thus

So A,

sin(nzx) dz, and

S—

/0 11— cos(2na)] da

[m - % sin(2nx)}

0

N NI = N
o
]
oW

™

L]

% [1 — cos(nm)].

1 — cos(n)
nm/2

/ x sin(nx) dz, and

[e=]

g, from (a), and

1  sin(ne)
= |——=x cos(nz) sin(nx
n Tz

= cos(mr)
—Z cos(nm)
3
2 2
_z 1t 2
- cos(nm) = (—1) -

= 2[1 — cos(nn)]/nx.

s

0
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A, / sin(nx)] =
0

sin(nzx) dz, and

o\.,
(MIE]

/ sin(nx)] = z, from (a), and
0 2
1 3
/ sin(nz) = [ —cos(n:n)}
0 n 0
1 nmw
= —(1-cos2h).
n< cos
1 nmw
So A, = - <1—cos7>/—

= (1—cosn2—7r> /E

32. (a-c) Show that the series obtained in Problem 31 cannot be differentiated term by
term. (Investigate the convergence of the result in each case.)

Solution.
(a) f(z) =1and f(z) = Z " | = [1 — cos(nm)] sin(nmz). Differentiating formally term
by term, we get f'(x) =0 a ( ) =Y ne 2[1—cos(nm)] cos(nmz). So we're investigating

[e.e]
0= Z 2[1 — cos(nm)] cos(nmx) in (0, ).

n=1

Now for 0 < z < 7, as n — oo, cos(nmz) 4 0 and for n odd, 2[1 — cos(nm)] = 4 # 0.
Thus, as n — o0, 2[1 — cos(nm)] cos(nmz) /4 0, so Y -2 2[1 — cos(nn)] cos(nmzx) diverges
for all 0 < x < 7 and so indeed the series of Problem 31(a) cannot be differentiated term
by term.

(b) f(z) = = and f(z) = X
term, we get f'(x) =1 and f'(x)

1)"*1 2 gin(nrz). Differentiating formally term by

(=
T (- )n+1 27 cos(nmx). So we're investigating

||ﬁ8

L (=1)"™! . 27 cos(nmz) in (0, 7).

NE

1
1

S
I

Now for 0 < & < 7, as n — o0, cos(nwz) /4 0 and certainly 27(—1)"*! £ 0. Thus, as
n — oo, (—1)"*1-27 cos(nwx) £ 0,50 > 00 | (—1)"-27 cos(nmx) diverges for all 0 < z < 7
and so the series of Problem 31(b) cannot be differentiated term by term.
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(c) Differentiating the series formally term by term, we get f'(z) = 0 and f'(z) =
o212 (1 — cos ™) cos(nmx). So we're investigating

[e.e]
0= Z 2 (1 — cos %T) cos(nmz).

n=1

Now for 0 < x < 7, as n — o0, cos(mrm)%Oandforn—4k+2 k=0,1,2,..., 2(1—
cos &) =4 # 0. Thus, asn — 00, 2 (1 — cos L) cos(nwz) 4 0,50 3o, ( — cos &) cos(nmx)
diverges for all 0 < x < 7 and so, indeed, the series cannot be differentiated term by term.

33. (a) If the expansion f(x) =Y 2, Apsin(nz) is valid in (0, 7), show formally that

" 2 _T = 2
[ e =534

(b) From this result, and from the results of Problems 31(a,b), deduce the following
relations:

L o1 1 w2 L1 1 w2
12 7 32 52 8712 22 32 6

Solution. (a)

if(x)]z = (Z A, Sin(nx)) (Z A, sin(m:z:))
n=1 m=1

= Z Ap Ay sin(nz) sin(maz).

n=1m=1

So since f(z) =Y 7, Apsin(nz) is valid in (0,7),

/if(ff)]z dr = / Z A, A, sinnzsinmz dz
0 0

n=1m=1

_ Z / Ay A, sin(n) sin(mz) dz

n=1m=1

= Z A A, / sin(nz) sin(mz) dzx

n=1,m=1

But [ sin(nz) sin(ma) dz = 0 if m # n. So

" X 2 xr = Slnnl‘ X
| s a ZAA/ 2 d
= §;Ai.
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(b) From Problem 31(a) = 1= > "7 [1 — cos(nm)]sin(nmz), 0 < x < 7. So

nlmr

2 - Cos(mr)]>2

nm

N
hE
VR

S
I
—_

s
/ Pde=m =
0

% (1 — 2cos(nm) + %[1 + COS(Q"””)

I
o]

WE
>]N|,4>

n=1

1
n2

I
3 e
WE

[1 — cos(nm)].

i
(e -
:l\D|H —

So L = [1 — cos(nm)]
n=1
= i # (n=2m+1)
= (2m+1)%’
. w2 11 1
l.e.§ = F+32+52+

T 3 o0 2
T 2
/ x®dr = = — <(—1)"Jrl >
0 3 2 — n
=1
= 2 —.
DI
n=1
2 o
T 1 1 1 1
SO— = nE:1ﬁ 12+22+§+

34. Expand the function f(x) = 1 in a series of the characteristic functions of the boundary-
value problem ZQT% + Ay =0, y(0) =0, ly'(l) + ky(l) = 0 (k > 0), over the interval (0,1).
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Solution. Solving 32732/ + Ay = 0, we get

y(r) = COrsin(vVA-z)+ Cycos(VA-z) and y(0) =0= Cy =0
soy(z) = Crsin(VX-z)and ' (z) = C1VA-cos(VA - )
and ly/(1) + ky(1) =0 = IVA-Crcos(VA-1) 4+ kCysin(vVX-1) =0
= VX cos(VA-1)+ksin(VA-1) =0
= tan(V\-1) = l\/_
i.e. tan(x) = —E, x> 0.

k

So there are infinitely many solutions, one each on [/mr — 5, kT + %] and let Ay be the kth
solution. Thus, the characteristic functions of this boundary-value problem are ¢,,(z) =
sin (\/m . x), where v/, > 0.

This boundary-value problem is clearly Sturm-Liouville, and r(z) = 1 so the ¢,,’s are
orthogonal. So

= i Apmpm(z) and

~

sin(v/ A - @) d

S~ 5—

!
Am-/ sin?(\/ Ay - ) do =
0

So /Ol sin?(\/ A - ) de = % (1 - 008(2\/m- x)) dx
= % <l 2\/_ sin( 21\/_ >
1

and /Ol sin(m cx)de = (1 — COS(M/E))

A

Thus,
1

A 7= (1 = cos(lv/Am)) _ 2 (1- clos.(l\/m)) '
4m( 20/ Am — sin(2IV/Ar)) IV A — 3 sin(2lV/Ay)




