Multi-linear Algebra
Notes for 18.101

1 Linear algebra

To read these notes you will need some background in linear algebra. In particular
you’ll need to be familiar with the material in § 1-2 of Munkres and § 1 of Spivak.
In this section we will discuss a couple of items which are frequently, but not always,
covered in linear algebra courses, but which we’ll need for our “crash course” in
multilinear algebra in § 2-6.

The quotient spaces of a vector space

Let V be a vector space and W a vector subspace of V. A W-coset is a set of the
form

v+W={v+w,weW}.
It is easy to check that if v — vy € W, the cosets, v1 + W and vy + W, coincide while
if v; — vy & W, they are disjoint. Thus the W-cosets decompose V into a disjoint
collection of subsets of V. We will denote this collection of sets by V/W.

One defines a vector addition operation on V/W by defining the sum of two cosets,
vy + W and vy + W to be the coset

(1'1) v1+ve+ W

and one defines a scalar multiplication operation by defining the scalar multiple of
v+ W by A to be the coset

(1.2) v+ W

It is easy to see that these operations are well defined. For instance, suppose v +W =
v+ W and vo+W = vh+W. Then vy — v} and vy —vh are in W; so (v1+vg) — (V] +v5)
is in W and hence v; + vy + W = v} +v5 + W.

These operations make V/W into a vector space, and one calls this space the
quotient space of V by W.

We define a mapping

(1.3) T V->V/W

by setting 7(v) = v + W. It’s clear from (1.1) and (1.2) that 7 is a linear mapping.
Moreover, for every coset, v + W, m(v) = v + W; so the mapping, m, is onto. Also

1



note that the zero vector in the vector space, V/W | is the zero coset, 0 + W = W.
Hence v is in the kernel of 7 if v + W = W i.e., v € W. In other words the kernel of
mis W.

In the definition above, V' and W don’t have to be finite dimensional, but if they
are, then one can show

(1.4) dimV/W =dimV — dim W .

(A proof of this is sketched in exercises 1-3.)

The dual space of a vector space

We’ll denote by V* the set of all linear functions, ¢ : V' — R. If /; and /5 are linear
functions, their sum, ¢ + f5, is linear, and if / is a linear function and X is a real
number, the function, A\, is linear. Hence V* is a vector space. One calls this space
the dual space of V.

Suppose V' is n-dimensional, and let ey, ..., e, be a basis of V. Then every vector,
v € V, can be written uniquely as a sum

v=cv1+ -+, ¢ €R.
Let
(1.5) er(v) =¢.

Ifv=cier+- - +epe, and v’ = e+ -+ e, then v+0" = (¢1+c)) e+ - -+ (cp+d,)en,
S0

ef(v+v) =ci+c =ef(v) +ef(v).
This shows that e} (v) is a linear function of v and hence e} € V*.

Claim: ef,1=1,...,n is a basis of V*.
Proof. First of all note that by (1.5)
o)L=
(1.6) ) ={ o 15
If ¢ € V*let \; = £(e;) and let ¢/ = > N\ef. Then by (1.6)
(1.7) Clej) = Niej(e;) = A = L(e)),
i.e., £ and ¢ take identical values on the basis vectors, e;. Hence ¢ = ¢'.
Suppose next that ) A;ej = 0. Then by (1.6), with ¢ = 0; \; = 0. Hence the €}’s

are linearly independent.
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Let V and W be vector spaces and
(1.8) A:V->W

a linear map. Given ¢ € W*, the composition fo A of A with the linear map ¢ : W — R
is linear, and hence is an element of V*. We will denote this element by A*¢, and we
will denote by
A W=V
the map, ¢ — A*(. It’s clear from the definition that
A* (01 + 0y) = A%l + A%l

and that
AN = NAY
i.e., that A* is linear.
Definition. A* is the transpose of the mapping A.
We will conclude this section by giving a matrix description of A*. Let ey, ..., e,
be a basis of V and fi,..., f,, a basis of W let e],... e’ and f],..., f; be the dual

bases of V* and W*. Suppose A is defined in terms of e1,...,¢e, and fi,..., f,, by
the m x n matrix, [a;;], i.e., suppose

Aej = Z ai’jfi .

Claim. A* is defined, in terms of f{,..., f} and ej,..., e} by the transpose matrix,
[a;.4].
Proof. Let

A fz = cjﬂ-ej .

A fieg) = anaerle;) = ¢

k

Then

by (1.5). On the other hand

A fi(e;) = [i(Aej)
= Zaj,kfi*(fk>:aj,ia
k

50 Aj45 = Cj;-



Exercises.

1. Let V be an n-dimensional vector space and W a k-dimensional subspace. Show
that there exists a basis, e,...,e, of V with the property that e;,...,e; is a
basis of W. Hint: Induction on n — k. To start the induction suppose that
n—k=1. Let eq,...,e,_1 be a basis of W and e, any vector in V — W.

2. In exercise 1 show that the vectors f; = w(egy;), i = 1,...,n — k are a basis of

V/W. Conclude that the dimension of V/W is n — k.

3. In exercise 1 let U be the linear span of the vectors, e, 2 =1,...,n — k.

Show that the map
(1.9) U—-V/W, u—mn(u),

is a vector space isomorphism, i.e., show that it maps U bijectively onto V/W .1

4. Let U, V and W be vector spaces and let A:V — W and B : U — V be linear
mappings. Show that (AB)* = B*A*.

I This exercise shows that the notion of “quotient space”, which can be somewhat daunting when
one first encounters it, is in essence no more complicated than the notion of “subspace”.
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2 Tensors

Let V be an n-dimensional vector space and let V¥ be the set of all k-tuples, (vy, ..., ),
v; € V. A function

T:VF >R
is said to be linear in its i*" variable if, when we fix vectors, vi, ..., Vi_1, Vit1, - -, Uk,
the map
(2.1) vEV = T(vg, ..., 01,0, Vi1, ,Vk)
is linear in V. If T is linear in its " variable for i = 1, ...,k it is said to be k-linear,

or alternatively is said to be a k-tensor. We denote the set of all k-tensors by £*(V).

Let T} and T, be functions on V*. It is clear from (2.1) that if T} and T, are
k-linear, so is 17 +T5. Similarly if 7" is k-linear and A is a real number, \T is k-linear.
Hence £¥(V) is a vector space. Note that for k = 1, “k-linear” just means “linear”,
so LYV) =V~

We will next prove that this vector space is finite dimensional. Let
I = (iy,...1)

be a sequence of integers with 1 <4, <n,r=1,..., k. We will call such a sequence
a multi-indez of length k. For instance the multi-indices of length 2 are the square
arrays of pairs of integers

(1,7),1<4,j<mn

and there are exactly n? of them.

Exercise.

Show that there are exactly n* multi-indices of length k.

Now fix a basis, €1, ..., e,, of V and for T € L*(V) let
(22) T[ = T(eil, ey eik)
for every multi-index of length &, I.

Proposition 2.1. The T} ’s determine T, i.e., if T and T" are k-tensors and Tr = T}
forall I, then T =1T".

Proof. By induction on n. For n = 1 we proved this result in § 1. Let’s prove that if
this assertion is true for n — 1, it’s true for n. For each e; let T; be the (k — 1)-tensor
mapping

(U1, Vn1) = T(v1, .. 01, €5)



Then for v = cieq1 + - - cpen,

T(Uh s 7Un—lav) = Zciﬂ<vla s )Un—l) )

so the T;’s determine 7. Now apply induction.

The tensor product operation

If T} is a k-tensor and T, is an f-tensor, one can define a k + (-tensor, T} ® 15, by
setting

(Tl ® Tg)(vl, Ce ,"U]H_g) = Tl(’Ul, Ce ,Uk)Tg(Uk_H, e ,Uk_M) .

This tensor is called the tensor product of T and Ts. Similarly, given a k-tensor, 17,
an (-tensor Ty and an m-tensor T3, one can define a (k + ¢ + m)-tensor 171 @ To, ® T3
by setting

(23) T1 (%9 Tg & Tg(vl, Ce ,Uk+g)

= Tl(vla e 7Uk)T2(Uk+1, cee 7Uk+€)T3(Uk+€+17 cee aUk—i-E—i-m) .

Alternatively, one can define (2.3) by defining it to be the tensor product of 77 ® T
and T3 or the tensor product of T} and T5 ® T3. It’s easy to see that both these tensor
products are identical with (2.3):

(2.4) (Meh)ehh=T1e(TheTy) =TT, T;.
We leave for you to check that if X is a real number

(2.5) M RTy) =(\T) Ty =T, ® (\Ty)

and that the left and right distributive laws are valid: For ki = ko,
(2.6) (M+TT)T=T1T:3+T,T;

and for ky = ks

(2.7) R(Th+T)=Tielh+THT;.

A particularly interesting tensor product is the following. For ¢ = 1,... k let
; € V* and let

(2.8) T=0\® - Q.
Thus, by definition,

(2.9) T(vi,...,v05) = L1(v1) ... L (o).



A tensor of the form (2.9) is called a decomposible k-tensor. These tensors, as we will
see, play an important role in what follows. In particular, let eq,..., e, be a basis of
V and e, ..., e the dual basis of V*. For every multi-index I of length £ let

ep=e;, Q- Qe .
Then if J is another multi-index of length k,

) (1, I=1J
(2'10) 6[(€j17"'76jk)_{ 0, I#J

by (1.6), (2.8) and (2.9). From (2.10) it’s easy to conclude
Theorem 2.2. The ¢}’s are a basis of LF(V).

Proof. Given T € LF(V), let
=) Tie;

where the T7’s are defined by (2.2). Then

(2.11) T'(ejr, o ve) =Y _Tiei(ej, ... e5) =T,

by (2.10); however, by Proposition 2.1 the T';’s determine 7', so 7" = T'. This proves
that the e3’s are a spanning set of vectors for £¥(V'). To prove they re a basis, suppose

ZO]@? =0

for constants, C; € R. Then by (2.11) with 7" = 0, C; = 0, so the e}’s are linearly
independent.

[]

As we noted above there are exactly n* multi-indices of length k and hence n*

basis vectors in the set, {e}, so we've proved

Corollary. dim £F(V) = n*.

The pull-back operation

Let V and W be finite dimensional vector spaces and let A : V' — W be a linear
mapping. If T € LE(W), we define

AT VFE SR
to be the function
(2.12) AT (v, ... ,u5) = T(Avy, ..., Avg) .

It’s clear from the linearity of A that this function is linear in its i*" variable for all 4,
and hence is a k-tensor. We will call A*T" the pull-back of T by the map, A.
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Proposition 2.3. The map
(2.13) A% LEW) — £H(V), T — AT,
1S a linear mapping.
We leave this as an exercise. We also leave as an exercise the identity
(2.14) ATy @ Ty) = AT @ A™T

for Ty € L¥(W) and Ty, € L™(W). Also, if U is a vector space and B : U — V a
linear mapping, we leave for you to check that

(2.15) (AB)*T = B*(A'T)

for all T € LF(W).

Exercises.

1. Verify that there are exactly n* multi-indices of length k.
2. Prove Proposition 2.3.
3. Verify (2.14).

4. Verify (2.15).



3 Alternating k-tensors

We will discuss in this section a class of k-tensors which play an important role in
multivariable calculus. In this discussion we will need some standard facts about the
“permutation group”. For those of you who are already familiar with this object
(and I suspect most of you are) you can regard the paragraph below as a chance to
re-familiarize yourselves with these facts.

Permutations

Let >, be the k-element set: {1,2,...,k}. A permutation of order k is a bijective
map, o : »_, — »_., Given two permutations, oy and o9, their product, o105, is the
composition of o7 and o5, i.e., the map,

i — o2(01(4)),
and for every permutation, o, one denotes by o~! the inverse permutation:
o) =j oo l(j) =i,

Let Sy be the set of all permutations of order k. One calls Sy the permutation group
of >, or, alternatively, the symmetric group on k letters.

Check:

There are k! elements in S}.
For every 1 <i < j <k, let 7 = 7, ; be the permutation

(i) = j
(3.1) T(j) =
r0) = 0, (44,5,

7 is called a transposition, and if j =i+ 1, 7 is called an elementary transposition.

Theorem 3.1. Every permutation can be written as a product of finite numbers of
transpositions.

Proof. Induction on k: “k = 2”7 is obvious. The induction step: “k — 17 implies “k”:
Given o € Sy, o(k) = 1 & omi(k) = k. Thus o7y is, in effect, a permutation of
> x_1- By induction, o7, can be written as a product of transpositions, so

o = (0Tu)Tik

can be written as a product of transpositions.



Theorem 3.2. Fvery transposition can be written as a product of elementary trans-
positions.

Proof. Let 7 = 75, © < j. With ¢ fixed, argue by induction on j. Note that
Tij = Tj—-1,jTi,j—1Tj—-1,5 -

Now apply induction to 7; ;_;.

The sign of a permutation

Let x1, ..., 2, be the coordinate functions on R¥. For o € S, we define
o Lo(i) — To(j)
(3:2) 0y =][=—""
Ll 7 —u
1<J

Notice that the numerator and denominator in this expression are identical up to sign.
Indeed, if p = 0(i) < o(j) = ¢, the term, =, — z, occurs once and just once in the
numerator and once and just once in the denominator; and if ¢ = (i) > o(j) = p, the
term, x, — x4, occurs once and just once in the numerator and its negative, z, — x,,
occurs once and just once in the numerator. Thus

(3.3) (—1)7 = +1.

Claim:

For o, 7 € S,

(3.4) (=17 = (=17 (=1)".

P7 OOf. By deﬁnitiom
or xUT(i) xJT( )

x. — :L‘.
i<j ! J

We write the right hand side as a product of

(3'5) HM = (_1>U

icj T
and
Lor(i) — Lo(j
i<j 33‘7(7;) o xg(j)
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For i < j, let p = 0(i) and ¢ = o(j) when (i) < o(j) and let p = o(j) and ¢ = o(4)
when o(j) < o(i). Then

Tor(i) — Tor(j) _ Tr(p) ~ Tr(g)

Lo(i) = Lo(j) Tp — Lq

(i.e., if (i) < o(j), the numerator and denominator on the right equal the numerator
and denominator on the left and, if o(j) < o(i) are negatives of the numerator and
denominator on the left). Thus (3.2) becomes

H Lr(p) — Tr(q) _ (_1)7‘

Tp— T
p<q P q
0

We'll leave for you to check that if 7 is a transposition, (—1)” = —1 and to
conclude from this:

Proposition 3.3. If o is the product of an odd number of transpositions, (—1)7 = —1

and if o is the product of an even number of transpositions (—1)7 = +1.

Alternation

Let V be an n-dimensional vector space and T € LF(v) a k-tensor. If o € Sy, let
T° € LF(V) be the k-tensor

(3.7) T (vi, ..y vk) = T(Vo-1(1)s - -, Vo1(n)) -

Proposition 3.4. L If T=0(& - @b, eV thenT? = Loy @ -+ @ Loy -
2. The map, T € L¥(V) — T? € L¥(V) is a linear map.
3. (T°)" =1T7°.

Proof. To prove 1, we note that by (3.7)

(61 Q- ® €k>g(vla s 7/Uk>
= €1<UU—1(1)) ce Ek(va—l(k)) .

Setting 07!(i) = ¢, the ¢*" term in this product is ly(4)(vg); so the product can be
rewritten as

60(1)(1)1) .. .gg(k) (Uk)

or
(60(1) K- ® gg(k))(ul, . ,Uk) .

The proof of 2 we’ll leave as an exercise.
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Proof of 3: By item 2, it suffices to check 3 for decomposible tensors. However,

by 1
(61 Q@) = Ay
= (0

Definition 3.5. T' € £¥(V) is alternating if T° = (—1)°T for all o € Sy.

We will denote by A*(V) the set of all alternating k-tensors in £¥(V). By item 2
of Proposition 3.4 this set is a vector subspace of L¥(V).
It is not easy to write down simple examples of alternating k-tensors; however,

there is a method, called the alternation operation, for constructing such tensors:
Given T € LF(V) let

(3.8) Al6(T) =Y (-1)'T".

TESE

e ® gch(k)

n®
(1) ® .. ® ET(k))J .

We claim

Proposition 3.6. For T € L¥(V) and o € S,
1. Alt(T)? = (—1)7 Alt (T)
2. if T € AX(V), Alt (T) = K!T.
3. Al (T7) = Alt (T)°

4. the map
Alt : LH(V) — LMV, T — Alt (T)

s linear.
Proof. To prove 1 we note:
AT = D (=1)7(T7™)
_ (_1)02(_1)WT70'

But as 7 runs over S, 7o runs over S, and hence the right hand side is (—1)7 Alt (7).

O
Proof of 2. If T € A*,
Alt(T) = ) (-1)7T7
= > (=) (=)T
= KIT.
O
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Proof of 3.
AlG(T?) = ) (=1)T77 = (=1)7 > (=1)7T™
= (=1)7Alt(T) = Alt (T)” .
]

Finally, item 4 is an easy corollary of item 2 of Proposition 3.4.
O

We will use this alternation operation to construct a basis for A*(V). First,
however, we require some notation:
Let I = (iy,...,1;) be a multi-index of length k.

Definition 3.7. 1. [ is repeating if i, = is for some r # s.
2. 1 is strictly increasing if i1 < iy < -+ < i,.
3. Foroe Sy, I° = (ia(l), cee ,ig(k)) .
Remark: 1f I is non-repeating there is a unique o € Sj so that [? is strictly

increasing.
Let ey, ..., e, be a basis of V' and let

* * *
e =¢€, Q- Qe

and

Proposition 3.8. 1. Yo = (—1)7%;.
2. If I 1s repeating, vy = 0.
3. If I and J are strictly increasing,

1 I=J
¢[(6j1,...,6jk):{ 0 ]#J

Proof. To prove 1 we note that (e})? = e}.; so
Alt (e],) = Alt (e])” = (—1)7 Alt (e7) .
U

Proof of 2: Suppose I = (i1, ..., i) with i, =is forr #s. Thenif r =7, ,., ] =€},
SO

Ur = = (=11 = 1.
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Proof of 3: By definition

Yrleg,, - e) =Y (=1)e(ej,, .- e5).
But by (2.10)

) (1=
(39) €IT<€j1>---7ejk) _{ 0 if [T#J

Thus if I and J are strictly increasing, I is strictly increasing if and only if 17 = 1,
and (3.9) is zero if and only if I = J.
O

Now let T' € A*¥. Then by Proposition 2.2,
T = ZaJej, aj € R.
Since
KT = Al (T),

T = %Z(IJAIJC(GE):Z[)J@DJ

We can discard all repeating terms in this sum since they are zero; and for every
non-repeating term, J, we can write J = I?, where [ is strictly increasing, and hence

Yy = (=1)7¢r.

Conclusion:

We can write T" as a sum

(3.10) T=> e,

with I’s strictly increasing.

Claim.
The ¢;’s are unique.

Proof. For J strictly increasing

(3.11) T(ejy,-ves) =Y _crtn(es,....e5) =cy.

By (3.10) the 9;’s, I strictly increasing, are a spanning set of vectors for A*(V), and
by (3.11) they are linearly independent, so we’'ve proved
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Proposition 3.9. The alternating tensors, 1y, 1 strictly increasing, are a basis for

AE(V).

Thus dim A*(V) is equal to the number of strictly increasing multi-indices, I, of
length k. We leave for you as an exercise to show that this number is equal to

|
(3.12) (n) = (n— = “n choose k”

k n—k)k!
if1<k<n.
O
Hint:  Show that every strictly increasing multi-index of length k determines a
k element subset of {1,...,n} and vice-versa.
Note also that if £ > n every multi-index
I=(iy,...,i0)

of length £ has to be repeating: i, = i, for some r # s since the 4,’s lie on the interval
1 <1 < n. Thus by Proposition 3.8

Yr =0
for all multi-indices of length £ > 0 and
(3.13) AP ={0}.

Exercises.

1. Show that there are exactly k! permutations of order k. Hint: Induction on k:
Let 0 € Sk, and let o(k) =i, 1 < i < k. Show that o7y leaves k fixed and
hence is, in effect, a permutation of ), ;.

Prove that if 7 € Sy is a transposition, then (—1)” = —1.
Prove assertion 2 in Proposition 3.4.

Prove that dim A*(V) is given by (3.13).

SA

Verify that for ¢ < 7 —1,
Tij = Tj=1,jTi,j—1,Tj—1,j -

6. For k = 3 show that every one of the six elements of S5 is either a transposition
or can be written as a product of two transpositions.

7. Let 0 € S be the “cyclic” permutation
o(i)=i+1, i=1,...,k—1

and o(k) = 1. Show explicitly how to write o as a product of transpositions
and compute (—1)?. Hint: Same hint as in exercise 1.
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4 The space, A\(V*)

In § 3 we showed that the image of the alternation operation, Alt : L¥(V) — LF(V)
is A*(V). In this section we will compute the kernel of Alt .

Definition 4.1. A decomposible k-tensor {1 @ --- @ by, £; € V*, is redundant if for
some index, 1, {; = l;y1.

Let £F be the linear span of the set of redundant k-tensors.
Note that for k£ = 1 the notion of redundant doesn’t really make sense; a single
vector £ € L1(V*) can’t be “redundant” so we decree

T'(V) = {0}.
Proposition 4.2. If T € I*, then Alt (T) = 0.

PT’OOf. Let T = £k® . ®€k with gz = £i+1- Thenif 7 = Tii+1, T™ =T and (-1)T =—1.
Hence Alt (T') = Alt (T7) = Alt (T')7 = — Alt (T); so Alt (T') = 0. O

To simplify notation let’s abbreviate £*(V'), A¥(V) and Z#(V') by £*, A* and Z*.
Proposition 4.3. If T € Z" and T' € L then T QT and T' @ T are in I"**.

Proof. We can assume that 7" and 7" are decomposible, ie., T = ¢, ® --- ® £, and
T'=0|®---®/{ and that T is redundant: ¢; = ¢;;1. Then

TRT =0 4 106344, Q0] L

is redundant and hence in Z""*. The argument for 7" ® T is similar.

Proposition 4.4. If T € LF and o € Sy, then
(4.1) T° = (=1)°T+ S
where S is in I".

Proof. We can assume T is decomposible, i.e., T'= {1 ® - -- ® {},. Let’s first look at
the simplest possible case: £ =2 and o = 7 5. Then

T — (=1)°T = (1 @b+l
= (Li+b)R(U+0l) -t @0 —l®1)/2,

and the right hand side is decomposible, and hence in Z2. Next let k& be arbitrary
and o = Tii+1- If T1 = El XX gi_g and TQ = Ei+2 (oS 0 gk- Then

T—(-1)T=T1Q U1+ liy1 )T,
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is in Z* by Proposition 4.3 and the computation above.
The general case: By Theorem 3.2, ¢ can be written as a product of m elementary
transpositions, and we’ll prove (4.1) by induction on m.

We’ve just dealt with the case m = 1.
The induction step: “m—1" implies “m”. Let 0 = 73 where 3 is a product of m —1
elementary transpositions and 7 is an elementary transposition. Then

= (T = (-7
= <_1)T(_1)ﬁT N
= (=1)°T+---

where the “dots” are elements of Z¥, and the induction hypothesis was used in line 2.
m

Corollary. If T € LF, then
(4.2) Al (T) =kIT+ W,
where W is in I".

Proof. By definition Alt (T') = > (—1)?T7, and by Proposition 4.4, 7% = (—=1)°T +
W, with W, € Z%. Thus,

Alt(T) = Y (-1)7(=1)°T+> (-1)7W,
= KT+W

where W = > (—1)7W,.

Corollary. Z* is the kernel of Alt .

Proof. We've already proved that if T € ZF, Alt(T) = 0. To prove the converse
assertion we note that if Alt (7") = 0, then by (4.2)

T = —%W.
with W € ZF . O]
Putting these results together we conclude:

Theorem 4.5. Every element, T, of L¥ can be written uniquely as a sum, T = Ty +T
where Ty € A* and T, € IF.
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Proof. By (4.2), T =T, + T, with

T, = L Alt(T)

and

T, = —iW.

To prove that this decomposition is unique, suppose T} + T» = 0, with 7} € A* and
T, € T%. Then

so T} = 0, and hence T, = 0.

Let
(4.3) ARV = LE V) [TV,

i.e., let A¥ = A¥(V*) be the quotient of the vector space £* by the subspace Z* of
Lk, By (1.3) one has a linear map:

(4.4) LAY T ST+ TF
which is onto and has Z* as kernel. We claim:
Theorem 4.6. The map, m, maps A* bijectively onto A*.

Proof. By Theorem 4.5 every Z* coset, T + Z*, contains a unique element T} of A*.
Hence, for every element of A* there is a unique element of A* which gets mapped

onto it by .
O

Remark. Since A¥ and A* are isomorphic as vector spaces many treatments of mul-
tilinear algebra avoid mentioning A*, reasoning that A* is a perfectly good substitute
for it and that one should, if possible, not make two different definitions for what
is essentially the same object. This is a justifiable point of view (and is the point
of view taken by Spivak and Munkres?). There are, however, some advantages to
distinguishing between A* and A*, as we’ll see in § 5.

Exercises.

1. A k-tensor T € L¥(V) is symmetric if T° = T for all ¢ € Sj. Show that the set
S*(V) of symmetric k tensors is a vector subspace of L¥(V).

2and by Guillemin—Pollack in their book, Differential Topology
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. Let e1,...,e, be a basis of V. Show that every symmetric 2-tensor is of the
form

Z aije; @ e,
where ¢; ; = a;; and e], ..., e are the dual basis vectors of V™.

. Show that if 7" is a symmetric k-tensor, then for k > 2, T is in Z%. Hint: Let o
be a transposition and deduce from the identity, 77 = T', that T has to be in
the kernel of Alt.

. Warning: In general S¥(V) # ZF(V). Show, however, that if k = 2 these two
spaces are equal.

. Conclude from exercise 4 that if T € Z* then T can be written as a sum

k
S en” o1y
r=0

where T € £7(V), T € S2(V) and T € £Fr-2.
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5 The wedge product

The tensor algebra operations on the spaces £*(V') which we discussed in Sections 2
and 3 (i.e., the “tensor product operation” and the “pull-back” operation), give rise
to similar operations on the spaces A*. We will discuss in this section the analogue
of the tensor product operation. As in § 4 we’ll abbreviate £*(V) to £* and A¥(V)
to A* when it’s clear which “V” is intended.

Given w; € A%, where i = 1,2, we can by (4.4) find T; € LF with w; = 7(T).
Then Ty @ Ty € LF1HF2 Tet

(51) w1 VAN Wy = 7T(T1 X Tg) € Ak1+k2 .

Claim.
This wedge product is well defined, i.e., doesn’t depend on our choices of 77 and T5.
Proof. Let n(Ty) = w(T}) = wy. Then T] = Ty + W for some W, € ¥, so
TT,=TTT,+W,T,.
But W; € I implies W, ® Ty, € Z"1+*2 and this implies:
(T T) =7(Th @ Tz).

A similar argument shows that (5.1) is well-defined independent of the choice of T5.
O

More generally let w; € A% i =1,2,3, and let w; = 7(T;), T; € L*. Define
w1 Nwo A wsg € Ak1+k2+k3

by setting
w1 /\Cdg/\(.dg :7T(T1 ®TQ®T3)

As above it’s easy to see that this is well-defined independent of the choice of T, T
and T3. It is also easy to see that this triple wedge product is just the wedge product
of w1 A ws with ws or, alternatively, the wedge product of w; with ws A w3, i.e.,

(52) w1 /\u)g/\wg == (wl/\wg)/\wg :wl/\(wg/\wg,).
We leave for you to check:

For A e R
(5.3) Mwi Awr) = (Aw) Aws = wy A (Awo)
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and verify the two distributive laws:

(54) (wl + WQ) A W3 = Wi N ws + Wo AN w3
and
(5.5)

w1 A(WQ+W3) = w1 /\w2+w1 /\u)g.

As we noted in § 4, ZF = {0} for k = 1, i.e., there are no non-zero “redundant”
k tensors in degree £k = 1. Thus

(5.6) A (VH =V =LY (V).

A particularly interesting example of a wedge product is the following.
Let 4; e V*=AYV*),i=1,....k. Thenif T =0, ® - - @ ¥y,

(5.7) OGN AN =n(T) € AF(V7).

We will call (5.7) a decomposible element of A*(V*).
We will next show that the permutation operation on k tensors

TelLrk 1€k

extends to a permutation operation on A*. To see this we first note that if T € Z*¥,
T € I
Proof. f T'=/(1®---®/} is a redundant k-tensor, i.e., ; = {; 1, for some multi-index,
i,and 7 = T;;41, then T'=T7 and (—1)" = —1 so
T — TT0  — <_1)TO’T+ .
()1 T
=T +...

where the “dots” indicate elements of Z¥. Thus 77 € Z*. Since every element of Z*
is a sum of redundant tensors this proves the assertion above.
O

Now let w be in A*. Then w = 7(T') for some T' € £*, and we define
(5.8) w=7(T7).

Claim:
This definition makes sense: w? is well-defined.

Proof. Suppose w = w(T) = 7(T}). Then Ty = T + W, for some W € Z* and
T¢ =T° +W°. But W¢ is in Z%, so

W =n(1T7) =7(T7).
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Example.

Let

w:&/\---/\fk:ﬂ'(él@“'@ék)
with ¢; € V*. Then
(5.9) W = T(lo) @ @ Logry)
60(1) VANRERIVA fg(k) .

We will next prove that
(5.10) W= (—1)w.
Proof. Let w = 7(T) for T € L*. Then
wr=7(T7).
But
T° = (-1)°T+ W,

for some W in Z%, so

Corollary. For ly,... 0, € V*
(5.11) 60(1)/\-“/\50(;{) = (—1)U€1A---A€k.
For instance,

(512) 61 VAN 82 - —62 VAN 51 .

Exercise:
Show that if w; € A" and w, € A® then
(5.13) wi Awy = (—1)™wy Awy .
Hint: It suffices to prove this for decomposible elements, i.e., for
wi =l AN NE,.

Now make rs applications of the formula (5.12).

Let e4,...,e, be a basis of V and let €], ..., e be the dual basis of V*. For every
multi-index I of length k, let
(5.14) er=e; N---Nej =m(er).

i
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Theorem 5.1. The elements (5.14), with I strictly increasing, are basis vectors of
AF.

Proof. The elements
Yy = Alt (e7), I strictly increasing,

are basis vectors of A* by Proposition 3.6; so their images, 7(¢y), are a basis of AF.
But

) = 7 (D(=17())

Exercises:

1. Prove the assertions (5.3), (5.4) and (5.6).

2. Verify the multiplication law, (5.13) for wedge product.
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6 The pull-back operation on A*

Let V and W be vector spaces and let A be a linear map of V' into W. Given a
k-tensor, T € LF(W), the pull-back A*T is the k-tensor

(6.1) AT (v, ... vp) =T (Avq, ..., Avy)

in £¥(V) (See § 2, equation 2.12). In this section we’ll show how to define a similar
pull-back operation on A*.

Lemma 6.1. If T € ZF(W), then A*T € IF(V).

Proof. 1t suffices to verify this when T is a redundant k-tensor, i.e., a tensor of the
form

where £, € W* and ¢; = ¢;;1 for some index, i. But by (2.14)
AT =A"®- - ® A%,

and the tensor on the right is redundant since A*¢; = A*f;,4.
H

Now let w be an element of A¥(W*) and let w = 7(T") where T is in LF(W). We
define

(6.2) A'w =7(A'T).
Claim:

The left hand side of (6.2) is well-defined.

Proof. If w = 7n(T) = 7(T"), then T = T’ + S for some S € ZF(W), and A*T" =
A*T + A*S. But A*S € ZF(V), so

T(A*T") = 7 (A*T).
Proposition 6.2. (i)  The map
(6.3) A* AW — ARV,
mapping w to A*w is linear.
(ii) Ifw; € (W), i =1,2, then

A*(w1 A CUQ) = A*wl N A*CL)Q .
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(iii)  IfU is a vector space and B : U — V a linear map, then for w € AF(W*),
(6.4) B*A*w = (AB)'w.

We'll leave the proof of these three assertions as exercises. Hint: They follow
immediately from the analogous assertions for the pull-back operation on tensors

(See (2.14) and (2,15)).

As an application of the pull-back operation we’ll show how to use it to define
the notion of determinant for a linear mapping. Let V be an n-dimensional vector
space. Then dim A"(V*) = (7) = 1; i.e., A"(V*) is a one-dimensional vector space.
Thus if A:V — V is a linear mapping, the induced pull-back mapping:

A" AV — AV,

is just “multiplication by a constant”. We denote this constant by det(A) and call it
the determinant of A, Hence, by definition,

(6.5) A*w = det(A)w
for all w in A"(V*). From (6.5) it’s easy to derive a number of basic facts about
determinants.
Proposition 6.3. If A and B are linear mappings of V into V, then
(6.6) det(AB) = det(A) det(B) .
Proof. By (6.4) and
(AB)'w = det(AB)w
= B*(A"w) =det(B)A*w
= det(B)det(A)w,

so, det(AB) = det(A) det(B).
[
Proposition 6.4. If [ : V — V is the identity map, [v = v for all v € V, then
det(I) = 1.
We'll leave the proof as an exercise. Hint: I* is the identity map on A™(V*).
Proposition 6.5. If A:V — V is not onto, then det(A) = 0.

Proof. Let W be the image of A. Then if A is not onto, the dimension of W is less
than n, so A"(W*) = {0}. Now let A = Iy B where Iy is the inclusion map of W
into V and B is the mapping A regarded as a mapping from V to W. Thus if w is in
A"(V*), then by (6.4)

A'w = B*[w

and since [j,w is in A™(W) it is zero.

25



]

We will derive by wedge product arguments the familiar “matrix formula” for
the determinant. Let V' and W be n-dimensional vector spaces and let eq,..., e,
be a basis for V and fi,..., f, a basis for W. From these bases we get dual bases,
er,... e and ff, ..., f¥ for V* and W*. Moreover, if A is a linear map of V into W
and [a; ;] the n x n matrix describing A in terms of these bases, then the transpose
map, A* : W* — V* is described in terms of these dual bases by the n x n transpose

matrix, i.e., if
Ae; = Zam‘fz’,
then

Afr =) age
(See § 1.) Consider now A*(ff A---A fF). By (6.3)
AY(fi NN ) = AN NATES
= Z(amlezl) AN (g, er,)

the sum being over all k1,...,k,, with 1 < k. < n. Thus,

A*(ff/\---/\f;):Zaml...an,kn ex, N Nep

If the multi-index, ki, ..., k,, is repeating, then ey A --- Aey is zero, and if it’s not
repeating then we can write
ki=o(i) i=1,...,n

for some permutation, o, and hence we can rewrite A*(f; A--- A f¥) as the sum over
o€ S, of

Z a1,5(1) * * * An,o(n) (e]A---Ner).
But

(eTA---Nep) =(=1)%ef N---Ne,

so we get finally the formula

(6.7 A(FE A A F2) = detlagglel A - A

where

(6.8) detfa;;] =Y (=1)7a1001) - Gno(n)

summed over o € S,,. The sum on the right is (as most of you know) the determinant
of [a; ;).

Notice that if V =W ande; = f;, i =1,...,n, thenw = efA---Ae), = [N -Af],
hence by (6.5) and (6.6),

(6.9) det(A) = det[a; ;] -
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Exercises.

1.

2.

Verify the three assertions of Proposition 6.2.

Deduce from Proposition 6.5 a well-known fact about determinants of n x n
matrices: If two columns are equal, the determinant is zero.

Deduce from Proposition 6.3 another well-known fact about determinants of
n x n matrices: If one interchanges two columns, then one changes the sign of
the determinant.

Hint: Let eq,...,e, be a basis of V and let B : V' — V be the linear mapping
Be; = e;, be; = e; and Be; = ep, { #i,j. What is B*(ef A--- Aef)?

Deduce from Propositions 6.3 and 6.4 another well-known fact about determi-
nants of n x n matrix. If [b; ;] is the inverse of [a, ], its determinant is the
inverse of the determinant of [a; ;].

Extract from (6.8) a well-known formula for determinants of 2 x 2 matrices:

aii, @12
det = A11QA922 — Q12491 .
a1, G22
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7 Orientations

We recall from freshman calculus that if £ C R? is a line through the origin, then
¢ — {0} has two connected components and an orientation of ¢ is a choice of one of
these components (as in the figure below).

f

More generally, if L is a one-dimensional vector space then L — {0} consists of two
components: namely if v is an element of L — [0}, then these two components are

L; = {\, A>0}

and

L, = {)\U, )\<0}

An orientation of IL is a choice of one of these components. Usually the component
chosen is denoted L, and called the positive component of L — {0} and the other
component, L_, the negative component of L — {0}.

Definition 7.1. A vector, v € L, is positively oriented if v is in L.

More generally still, let V' be an n-dimensional vector space. Then L = A"(V*) is
one-dimensional, and we define an orientation of V to be an orientation of I.. One
important way of assigning an orientation to V' is to choose a basis, e,...,e, of V.
Then, if ef, ..., e} is the dual basis, we can orient A™"(V*) by requiring that efA---Ae’
be in the positive component of A”(V*). If V has already been assigned an orientation
we will say that the basis, eq,...,e,, is positively oriented if the orientation we just
described coincides with the given orientation.

Suppose that eq,...,e, and fi,..., f, are bases of VV and that

(7.1) €; = Zai,j,fi-

Then by (6.7)
i N A fr=det[a; jle] A+ Aep,

n

so we conclude:

Proposition 7.2. Ifey,..., e, is positively oriented, then fi,..., f, is positively ori-
ented if and only if det[a; ;] is positive.
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Corollary 7.3. Ifeq, ..., e, is a positively oriented basis of V', the basis: e, ..., €e;_1,
—€i, €11, - - -, En 1S negatively oriented.

Now let V' be a vector space of dimension n > 1 and W a subspace of dimen-
sion k < n. We will use the result above to prove the following important theorem.

Theorem 7.4. Given orientations on'V and V/W , one gets from these orientations
a natural orientation on W.

Remark. What we mean by “natural” will be explained in the course of the proof.

Proof. Let r = n — k and let 7 be the projection of V' onto V/W . By exercises 1
and 2 of §1 we can choose a basis ey, ..., e, of V such that e,.1,...,e, is a basis of
W and 7(ey),...,m(e,) a basis of V/W. Moreover, replacing e; by —e; if necessary
we can assume by Corollary 7.3 that 7(ey), ..., m(e,) is an oriented basis of V/WW and
replacing e,, by —e, if necessary we can assume that ey, ..., e, is an oriented basis of
V. Now assign to W the orientation associated with the basis e,y1,...,e,.

Let’s show that this assignment is “natural” (i.e., doesn’t depend on our choice
of e1,...,e,). To see this let fi,..., f, be another basis of V' with the properties

above and let A = [a; ;] be the matrix (7.1) expressing the vectors ey, ..., e, as linear
combinations of the vectors fi,... f,. This matrix has to have the form

B C
. iR
where B is the r x r matrix expressing the basis vectors 7(ey),...,m(e,) of V/W as
linear combinations of 7(f1),...,7(f.) and D the k x k matrix expressing the basis
vectors e,41,...,e, of W as linear combinations of f,.1,..., f,. Thus

det(A) = det(B) det(D) .

However, by Proposition 7.2, det A and det B are positive, so det D is positive, and
hence if e,41,...,e, is a positively oriented basis of W so is f,i1,..., fa-
]

As a special case of this theorem suppose dim W = n — 1. Then the choice of a
vector v € V — W gives one a basis vector m(v) for the one-dimensional space V/W
and hence if V' is oriented, the choice of v gives one a natural orientation on W.

Next let V;, i = 1,2 be an oriented n-dimensional vector space and A : V7 — 1,
a bijective linear map. A is orientation-preserving if, for w € A"(V5),, A*w is in
A™(V})4. For example if Vi = V5 then A*w = det(A)w so A is orientation preserving
if and only if det(A) > 0. The following proposition we’ll leave as an exercise.

Proposition 7.5. Let V;, 1 = 1,2,3 be oriented n-dimensional vector spaces and
A; Vi — Vigq, i = 1,2 bijective linear maps. Then if Ay and As are orientation
preserving, so is As o Aj.

29



Exercises.

1.

2.

Prove Corollary 7.3.

Show that the argument in the proof of Theorem 7.4 can be modified to prove
that if V and W are oriented then these orientations induce a natural orientation
on V/W.

Similarly show that if W and V/W are oriented these orientations induce a
natural orientation on V.

Let eq,..., e, be the standard basis vectors of R”. The standard orientation of
R" is, by definition, the orientation associated with this basis. Show that if W
is the subspace of R™ defined by the equation, z1 = 0, and v = e; € W then
the natural orientation of W associated with v and the standard orientation of
R™ coincide with the orientation given by the basis vectors, es,..., e, of W.

Let V' be an oriented n-dimensional vector space and W an (n — 1)-dimensional
subspace. Show that if v and v’ are in V' — W then v' = Av + w, where w is in
W and A € R —{0}. Show that v and v" give rise to the same orientation of W
if and only if A is positive.

. Prove Proposition 7.5.

A key step in the proof of Theorem 7.4 was the assertion that the matrix A
expressing the vectors e; as linear combinations of the vectors f; had to have
the form (7.2). Why is this the case?
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