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Introduction

The change of variables formula in multi-variable calculus asserts that if U and V' are
open subsets of R” and f : U — V a C! diffeomorphism then, for every continuous

function, ¢ : V' — R the integral
| ety
1%

exists if and only if the integral

/U¢o ()| det Df ()| dx

exists, and if these integrals exist they are equal. A proof of this can be found in
Chapter 4 of Munkres” book. These notes contain an alternative proof of this result.
This proof is due to Peter Lax. Our version of his proof in the notes below makes use
of the theory of differential forms; but, as Lax shows in the papers cited at the end
of this section (which we strongly recommend as collateral reading for this course),
references to differential forms can be avoided, and his proof can be couched entirely
in the language of elementary multivariable calculus.

The virtue of Lax’s proof is that it allows one to prove a version of the change of
variables theorem for other mappings besides diffeomorphisms, and involves a topo-
logical invariant, the degree of a mapping, which is itself quite interesting. Some
properties of this invariant, and some topological applications of the change of vari-
ables formula will be discussed in §6 of these notes.

Remark: The proof we are about to describe is somewhat simpler and more trans-
parent if we assume that f is a O? diffeomorphism. We’ll henceforth make this
assumption.
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1 Sard’s theorem

Let U be an open subset of R” and f : U — R™ a C* mapping. A point p € U is a
critical point of f if the derivative of f at p,

Df(p) : R" — R",

is not bijective. Let C; be the set of critical points of f. This set can be quite large.
For instance if f is the constant mapping, p € U — ¢, then D f(p) = 0 for all p € U,
so Uy = U. Sard’s theorem asserts, however, that no matter how big Cf is, its image
with respect to f is “small”. (For instance this is certainly the case in the example
above where f(Cy) = {c}).

Theorem 1.1. The image, f(Cy), of the critical set of f is of measure zero in R".
Let @ C U be a cube of width ¢. To prove Sard’s theorem we will first prove

Lemma 1.2. Given € > 0 there exists a 6 > 0 such that

[f(y) = f(z) = (Df)(@)(z —y)| < elz -y (1.1)
forx,y € Q and |x — y| < 0.

Proof. Df is a continuous function and () is compact, so for every € > 0, there exists
a 0 > 0 such that .

Df(x) - Df(y)| < <
for x,y € @ and |x — y| < §. Moreover, by the mean value theorem, for every pair of
points z,y € () there exists a point z on the line joining x to y for which

fily) = fi(x) = D fi(2)(y — ). (1.3)

(1.2)

Hence if |z — y| < 0,
fity) = filx) = Dfi(x)(y — ) = (Dfi(2) = Dfi(x))(x = y) .
Thus

[fily) — fi(x) = Dfi(x)(y — )| < n|Df(z) = Df(2)|ly — 2| < ely — x|

0
We will now prove that the set f(Cy N Q) is of measure zero.
First of all note that, by (1.3),
[f(y) = f(@)] < clz =y (1.4)



for z,y € @ where ¢ is the supremum over @ of n|Df|. Now divide @ into N"
subcubes each of width, ¢/N < 6. If R is one of these subcubes and R intersects C}
in a point zy then by (1.1),

|f(x) = fzo) — D f(xo)(x — x0)| < €|z — 0] (1.5)

for all x € R. Let yo = f(x) and let A = Df(zo). Then by (1.4) and (1.5), f(R) is
contained in the intersection of the set

ly —yo — Aly — yo)| < e£ (1.6)

and the set
|y — ol < 57 - (1.7)
By assumption, A is not bijective; so its image is contained in a subspace W of R"”

of dimension (n — 1). Let v be a unit vector perpendicular to W. If y — y, satisfies
(1.6), its Euclidean distance to W is less than \/nf/Ne; i.e.,

(= 90, )] < Ve (1.8)
Let w be the orthogonal projection of y — yg onto W. Then
Y— 1Yo =av +w
with a = (y — yo,v). Hence if € < 1, (1.7) and (1.8) imply

lwll < lal +ly = yoll < Vng(c+e) < 2vnge.

This shows that the image of R is contained in a cylinder whose base B is an (n —1)-
dimensional ball of radius 2\/5%0 and whose height, by (1.8) is 2 n%e. Moreover, B
in turn is contained in an (n — 1)-dimensional cube whose sides are of length 4\/5%0;
so we finally conclude: If RN Cy is non-empty f(R) is contained in a rectangular

solid of volume
2¢

—1
(4c)" (\/ﬁg)nm_

Since there are at most N™ of these rectangles, f(Q N Cy) is contained in a finite

union of rectangular solids whose total volume is less than 2c¢;e, where

c1 = (40)" H(Vnl)" .

Since ¢ and ¢ don’t depend on €, and since € can be made arbitrarily small, it follows
from this that f(Q) N Cy) is of measure zero. (See exercise 5.)

To conclude the proof of Sard’s theorem let @);,7 = 1,2,3,... be a covering of U
by cubes. Then

f(Cp=JrQincy)
i=1
and since each of the sets on the right is of measure zero, f(C}) is of measure zero.
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Exercises for §1

1.

(a) Let f: R — R be the map: f(x) = (z* — 1)2. What is the set of critical
points of f7 What is its image?

(b) Same question for the map f(z) = sinz + x.
(c) Same question for the map

ro={ 0 T3

ez, x>0

. Let f:R"™ — R"” be an affine map, i.e., a map of the form

f(z) = Az + yo

where A : R — R" is a linear map. Prove Sard’s theorem for f.

Let p : R — R be a C* function which is supported in the interval (—%, %)

and has a maximum at the origin. Let rq,79,73,..., be an enumeration of the
rational numbers, and let f : R — R be the map

fx) = an(:c — ).

Show that f is a C* map and show that the image of Cy is dense in R. (The
moral of this example: Sard’s theorem says that the image of C is of measure
zero, but the closure of this image can be quite large.)

Let S be a bounded subset of R™. Show that if S is rectifiable it can be covered
by a finite number of rectangles of total volume, vg + €, where vg is the volume
of S.

Hint: Let () be a rectangle containing S in its interior. Recall that

V5:/15.
Q

Now let P be a partition of Q with U(lg, P) <wvs+e€ .

. Let S be a bounded subset of R". Suppose that for every € > 0 there exists a

rectifiable set, A, with A D S and v(A) < e. Show that S is of measure zero.

Let U be an open subset of R* and let f : U — R™ be a C' mapping. Let
¢ be an element of R™ not in f(Cy). Show that if p € f~'(¢) there exists a
neighborhood, Uy, of p with the property that p is the only point in U, that
gets mapped onto q.

Hint: The inverse function theorem.



7. Let U be an open subset of R" and f : U — R"** k> 1, a C'! mapping. Prove
that f(U) is of measure zero.
Hint: Let 7 : R"** — R" be the projection, 7 (z1,...,Tpik) = (z1,...,7,), and
let V = 7~ 1(U). Show that the mapping, for : V — R™"* has the same image
as f and that Cfor = V.



2 The Poincare lemma for rectangles

Let v be a k-form on R". We define the support of v to be the closure of the set
{zr eR", v, #0}
and we say that v is compactly supported if supp v is compact. Let
w= fdxy N... N\ dz,

be a compactly supported n-form with f continuous. We define the integral of w over
Rn
/ ¥
Rn

fdx.

to be the usual integral of f over R"

Rn

(Since f is continuous and compactly supported this integral is well-defined.)
Now let () be the rectangle

[(11, bl] X X [an,bn]
and let U = Int (). The Poincare lemma for rectangles asserts:

Theorem 2.1. Let w be a compactly supported n-form of class C", r > 1, with
supp w C U. Then the following assertions are equivalent:

(a) [w=0.
(b) There ezists a compactly supported (n—1)-form, u, of class C™ with supp u C U
satisfying dpy = w.

We will first prove that (b)=-(a). Let
p=3fidri Ao Ade A LA dry,
i=1

(the “hat” over the dx; meaning that dx; has to be omitted from the wedge product).
Then

dp = D) 2 day A LA day,
H ;( ) o, Tl x
and to show that the integral of du is zero it suffices to show that each of the integrals

of
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is zero. By Fubini we can compute (2.1); by first integrating with respect to the
variable x; and then with respect to the remaining variables. But

af
8@-

T;=b;

=0

dz; = f(x)

Ti;=a;

since f; is supported on U.
We will prove that (a) = (b) by proving inductively the following assertion.

Lemma 2.2. If w is supported on U and its integral is zero there exists an (n — 1)-
form, p, with supp pu C U such that the form

w—dp= fdry N...Ndx, (2.2)

has the property

/f(:pl,...,mk_l, Ty ooy Tp)dag -+ -dr, =0. (2.3)
Note that for £ =n + 1 (2.3) is just the assertion that w — du =0, i.e., w = dp,
and for k =1, (2.3); is just the assertion (a). Let’s prove that (2.3)y = (2.3)k41.

Proof. Since w — dyu is supported on U its support is contained in a rectangle
[Cl, dl] X X [Cn, dn]

with a; < ¢; < d; < b;. Let

g(ﬂjl,...,%k) = /f(x17"'7xk7 Lk+1, - "an)d‘xlﬁrl-“dmn' (24)
This function is compactly supported on the rectangle

Ql = [Cl,dl] X - X [Ck,dk]

since the integrand on the right is zero when (z1,..., ;) lies outside @)'. Moreover,
since f is of class C", this integral is of class C" as a function of xy,...,z;. (See
exercise 3 below.) Let

Tk

hzy, ..., o) = / g(z1,. .., Tk_1,8)ds
ag

for ap < zp < by. By (2.3)x and (2.4), h(xy,...,xx) is zero if ax < z < ¢ or if

d; < xp, < by; so h is compactly supported on ', is of class C" and satisfies

0



by the fundamental theorem of calculus.

Now let p = p(2gy1,...,2,) be a compactly supported function of class C* with

support on the rectangle

Q” = [CkJrla dk+1] X X [Cm dn]

/ p=1.

and with the property

Let

v= (=D h(xy,...,20)p(Trs1, ..., Tn) day A Adrp AL A d, .

Then by (2.5) and (2.7)
dv = g(x1, ..., x1)p(Tpy1y -y ) dzg AL A day,
and hence by (2.2) and (2.3)
—dp+v)=f(r1,...,2n) —g(x1, ..., T6) p(Tht1, - - -, Tn)
and by (2.6) and (2.4)

/f Liy---5 X g(xla"wmk)p(xk-f-la"'axn)dxk-i-l"‘dmn
=g(z1,...,x1) —g(x1,...,2%) =0,
so w — d(p + v) satisfies (2.3)y.

(2.6)

(2.7)

O

Hence, by induction if w satisfies the hypothesis (a) of Theorem 2.1 it satisfies
(2.3) for all k and in particular satisfies (2.3),41 which just says that w — du = 0.

Exercises for §2.

(1) Let f: R — R be a compactly supported function of class C" with support on

the interval (a,b). Show that the following are equivalent.

(a) [, f(x)da=0.

(b) There exists a function, g : R — R of class C™! with support on (a, b)

with 2 = f.
Hint: Show that the function

:/jf(s)ds

is compactly supported.



(2)

Let f = f(x,y) be a compactly supported function on R* x R with the property
that the partial derivatives

of
a—xi(a:,y),z—l,...,k,

and are continuous as functions of x and y. Prove the following “differentiation
under the integral sign” theorem.

Theorem 2.3. The function

g(x) = /f(l’,y) dy

is of class C' and
99, _ [ 9f

Hints: For y fixed and h € R¥,

for some point, ¢, on the line segment joining x to x 4+ ¢. Using the fact that
D, f is continuous as a function of x and y and compactly supported, conclude:

Lemma 2.4. Given € > 0 there exists a § > 0 such that for |h| < §
|f(x+hy) = f(z,y) = Daf (x,9)h] < €lh].
Now let @ C R be a rectangle with supp f C R* x ) and show that
o6o 4+ )~ ) = ( [ Duflon)d) bl < exol Q.

Conclude that g is differentiable at x and that its derivative is
/sz(x,y) dy .

Let f: R* x R® — R be a compactly supported continuous function. Prove

Theorem 2.5. If all the partial derivatives of f(x,y) with respect to x of order
< r exist and are continuous as functions of x and y the function

g(z) = /f(:v,y) dy

is of class C".
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3 The Poincare lemma for open subsets of R"

In this section we will generalize Theorem 2.1 to arbitrary connected open subsets of
R™.
Theorem 3.1. Let U be a connected open subset of R™ and let w be a compactly

supported n-form of class C" with supp w C U. The the following assertions are
equivalent,

(a) [w=0.

(b) There exists a compactly supported (n —1)-form p of class C™ with supp p C U
and w = dp.

Proof. Proof that (b) = (a): Let @Q; CU,i=1,2,3,..., be a collection of rectangles
with U = UlInt Q);, and let ¢;, i = 1,2,3,... be a partition of unity with supp ¢; C
Int ;. Since p is compactly supported the sum, pu = > ¢;u, is finite; ie., p =
Zﬁ\il o for N large enough. Hence

N
dp =Y d(¢ip)
i=1

/ do;i =0

Proof that (a) = (b): Let wy and wy be compactly supported n-forms of class C”
with support in U. We will write

and since supp ¢;u C Q;

by Theorem 2.1.
O

w1 ~Y Wy

as shorthand notation for the statement: “There exists a compactly supported (n—1)-
form p of class C" with support in U and with w; —ws = du.”, We will prove that (a)
= (b) by proving an equivalent statement: Fix a rectangle Qo C U and an n-form
wp of class C" with supp wy C Qp and [ wy = 1.

Theorem 3.2. If w is a compactly supported n-form of class C" with supp w C U
and ¢ = [w then w ~ cwy.

Thus in particular if ¢ = 0, Theorem 3.2 says that w ~ 0 proving that (a) = (b).

To prove Theorem 3.2 let ); C U be, as above, a collection of rectangles with
U = Ulnt Q; and let ¢; be a partition of unity with supp ¢; C Int @);. Replacing
w by the finite sum Y ", ¢;w, m large, it suffices to prove Theorem 3.2 for each of
the summands ¢,w. In other words we can assume that supp w is contained in one
of the open rectangles, Int );. Denote this rectangle by ). Using the fact that U is
connected we will also show that we can join @)y to @) by a sequence of rectangles as
in the figure below.

11



Lemma 3.3. There exists a sequence of rectangles, R;, 1 = 0,..., N + 1 such that
Ry = Qo, Ryy1 = Q and Int R; N Int R,y is non-empty.

Proof. Denote by A the set of points, x € U, for which there exists a sequence
of rectangles, R;, i = 0,...,N + 1 with Ry = @), with = € Int Ry, and with
Int R;NInt R;,, non-empty. It is clear that this set is open and that its complement
is open; so, by the connectivity of U, U = A. O

To prove Theorem 3.2 with supp w C @), select, for each 7, a compactly supported
n-form v; of class C" with supp v; C Int R; N Int R;;; and with f v; = 1. The
difference, v;—v;,1 is supported in Int R; 1, and its integral is zero; so by Theorem 2.1,
Vi ~ Vipq. Similarly, wo ~ vy and, if ¢ = [w, w ~ cvy. Thus,

ClWpg ~Clg~ -~ CUN = W,

proving the theorem.

12



4 Proper mappings

Let U and V be open subsets of R"® and R*. A continuous mapping, f : U — V,
is proper if, for every compact subset B of V, f~!(B) is compact. Proper mappings
have a number of nice properties which will be investigated in the exercises below.
One obvious property is that if f is of class C"! and w is a compactly supported
k-form of class C" with support on V', f*w is a compactly supported k-form of class
C" with support on U. Our goal in this section is to prove the following very general
“change of variables theorem” for integrals of forms.

Theorem 4.1. If U and V are connected open subsets of R" and f : U — V is a
proper C? mapping there exists a topological invariant of f called the degree of f,
(denoted deg(f)) with the property that, for every compactly supported n-form, w, of

class C* with support in V
/f*w:deg(f)/w. (4.1)
U 1%

Before we prove this identity let’s see what this “change of coordinates theorem”
says in coordinates. If

w=(y)dyi A\ --- Ndyy

then at z € U,
frw=(po f)(x)det(Df(x))dxy A--- Adzy;

so, in coordinates, (4.1) takes the form

/V o) dy = deg(f) / o0 f(z) det(Df(x)) de. (4.2)

(See Munkres, §17.)

Proof. Theorem 4.1 is an easy consequence of the Poincaré lemma that we proved in
§2. Let wy be an n-form of class C!' with compact support and with supp wy C V
and with [wo = 1. If we set deg f = [, f*wo, then (4.1) clearly holds for wy. We
will prove that (4.1) holds for every compactly supported n-form w of class C' with
suppw C V. Let ¢ = fvw. Then by Theorem 3.1 w — cwy = du, where p is an
(n — 1)-form of class C* with supp u C V. Hence

frw—ef*wo = [*dp = df*p,

and by part (a) of Theorem 3.1,

[ 5re=c [ ron=dests) [ .
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We will next discuss a multiplicative property of the degree which is useful for
computational purposes. Let U, V and W be connected open subsets of R™ and
f:U—=Vand g:V — W proper C" mappings. We show below that

deg(g o f) = deg(g) deg(f) - (4.3)
Proof. Let w be a compactly supported n-form of class C' with support on W. Then
(go fyw=g"fw;

SO

Jonre = [ g =det [ ro
— deg(g)dex(f) | o

w

O

From this multiplicative property it is easy to deduce the following result (which
we will need in the next section).

Theorem 4.2. Let A be a non-singular n X n matriz and fu : R™ — R"™ the linear

mapping associated with A. Then deg(fa) = +1 if det A is positive and —1 if det A
18 negative.

A proof of this result is outlined in exercises 5-8 below.

Exercises for §4.

(1) Let U be an open subset of R™ and ¢;, i = 1,2,3, ..., a partition of unity on U.
Show that the mapping, f : U — R defined by

f=> kex
k=1

is a proper C*° mapping.

(2) Let U and V be open subsets of R® and R* and let f : U — V be a proper
continuous mapping. Prove:

Theorem 4.3. If B is a compact subset of V and A = f~1(B) then for every
open subset, Uy, with A C Uy C U, there exists an open subset, Vy, with B C
Vo CV and (Vo) C Up.
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Hint: Let C' be a compact subset of V with B C Int C'. Then the set W =
f7HC) — Uy is compact; so its image f(W) is compact. Show that f(W) and
B are disjoint and let

Vo=Int C — f(W).

Show that if f : U — V is a proper continuous mapping and X is a closed
subset of U, then f(X) is closed.

Hint: For pe V — f(X) let C be a compact subset of V' with p € Int C'. Show
that if D = f~1(C) then f(X N D) is a compact set not containing p. Conclude
that Int C'— f(X) is an open neighborhood of p in V.

Let f: R"™ — R” be the translation, f(z) = z + a. Show that deg(f) = 1.

Hint: Let ¢ : R — R be a compactly supported function of class C'. The
identity

/ W(t)dt = / bt — a) dt (4.4)

is easy to prove by elementary calculus, and this identity proves the assertion
above in dimension one. Now let

O(x) = (1) ... (zn) (4.5)
and compute the right and left sides of (4.2) Fubini’s theorem.

Let ¢ be a permutation of the numbers, 1,...,n and let f, : R® — R" be the
diffeomorphism, f(21,...,%,) = (T5); - - - To@m)). Prove that deg f, = sgn (o).

Hint: Let ¢ be the function (4.5). Show that if w = ¢(x) dxy A - - A dx,, then
ffw = (sgn o)w.

Let f: R"™ — R" be the mapping
flxy, ... xy) = (21 + Axg, 29, . .., ).

Prove that deg(f) = 1.

Hint: Let w = ¢(21,...,2,)dxy A ... A\ dx, where ¢ : R" — R is compactly
supported and of class C'. Show that

/f*w:/90(1?1+I2,$2,---,$n)d$1---d$n

and evaluate the integral on the right by Fubini’s theorem; i.e., by first inte-
grating with respect to the x; variable and then with respect to the remaining
variables. Note that by (4.4)

/f(x1+)\x2,x2,...,xn)dx1:/f(ml,azz,...,xn)dxl.

15



(7)

Let f:R"™ — R" be the mapping
flzr, .. xn) = Az, 29, ..., 2p)

with A # 0. Show that deg f = +1 if A is positive and —1 if X is negative.

Hint: In dimension 1 this is easy to prove by elementary calculus techniques.
Prove it in d-dimensions by the same trick as in the previous exercise.

Let A be a non-singular n x n matrix and f4 : R” — R" the linear mapping
associated with A. Prove that deg(fa) = +1 if det A is positive and —1 if det A
is negative.

Hint: Professor Munkres proves in §2 of chapter one that f4 can be written as
a composition of linear mappings, fg, o---o fg, where the fg,’s are mappings of
the type described in the previous three exercises. Now use the identity (4.3).
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5 The change of variables formula

Let U and V be connected open subsets of R™. If f : U — V is a C?-diffeomorphism,
the determinant of Df(z) at x € U is non-zero, and hence, since it is a continuous
function of z, its sign is the same at every point. We will say that f is orientation
preserving if this sign is positive and orientation reversing if it is negative. We will
prove below:

Theorem 5.1. The degree of f is +1 if f is orientation preserving and —1 if f is
orientation reversing.

We will then use this result to prove the following change of variables formula for
diffeomorphisms.

Theorem 5.2. Let ¢ : V — R be a compactly supported continuous function. Then

/¢o 2)| det(Df)(x |_/¢ (5.1)

Proof of Theorem 5.1. Given a point, a; € U, let as = —f(ay) and for ¢ = 1,2, let
gi - R™ — R" be the translation, g;(z) = = + a;. By (4.1) and exercise 4 of § 4 the
composite diffeomorphism

g20foq (5.2)

has the same degree as f, so it suffices to prove the theorem for this mapping. Notice
however that this mapping maps the origin onto the origin. Hence, replacing f by
this mapping, we can, without loss of generality, assume that 0 is in the domain of f
and that f(0) =

Next notice that if A : R®™ — R" is a bijective linear mapping the theorem is true
for A (by exercise 8 of § 4), and hence if we can prove the theorem for A=!o f, (4.1)
will tell us that the theorem is true for f. In particular, letting A = D f(0), we have

D(A™ 0 f)(0) = A7 Df(0) =

where [ is the identity mapping. Therefore, replacing f by A~!f, we can assume that
the mapping, f, for which we are attempting to prove Theorem 5.1 has the properties:
f(0) =0 and Df(0) = I. Let g(x) = x — f(x). Then these properties imply that
g(0) =0 and Df(0) =

O

Lemma 5.3. There exists a 6 > 0 such that |g(x)| < §|z| for |z] < 6.

Proof. Let g(z) = (g1(x), ..., gn(x)). Then

99
6xj

(0) = 0;
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so there exists a d > 0 such that

Jgi
< —
Oz, (x)’ R

for |x] < §. However, by the mean value theorem,
=3 gt
ax]
for ¢ = tgx, 0 < tg < 1. Thus

1

1
. < = | = =
l9:@)] < 5 sup ol = 2 Jal,

SO .
l9(2)] = sup |gi(2)] < 3 |-

Let p be a compactly supported C* function with 0 < p <1 and with p(z)
for |z| > 0 and p(z) =1 for |z| < &, and let f : R" — R" be the mapping

fx) =z + p(x)g(z).

It’s clear that 3
f(z) = x for |x| > §

and, since f(x) =z + g(z),

f(z) = f(x) for |z| <

l\DIQw

In addition, for all z € R™:

~ 1

Fa) 2 3 .
Indeed, by (5.4), | f(x)| > |z| for |z| > ¢, and for |z| < &

Fol = el =pl@l
>l — lg@)] 2 ol — 5lal = 5 Jo

by Lemma 5.3.

Now let Q, be the cube, {x € R, |z| <}, and let Q¢ = R" — Q,.

From (5.6) we easily deduce that

]F_l(Qr) g QQT‘

18
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for all r, and hence that f is proper. Also notice that for z € Qj,

F@)] < Jol + lo@)] < 5 la

by Lemma 5.3 and hence 3
F7H(Q55) € Q5 (5.8)

Proof. We will now prove Theorem 5.1. Since f is a diffeomorphism mapping 0 to 0,
it maps a neighborhood U, of 0 in U diffeomorphically onto a neighborhood Vj of 0
in V', and by shrinking Up if necessary we can assume that Uj is contained in Q)9
and Vj contained in Qs/4. Let w be an n-form of class C' with support in V whose
integral over R" is equal to one. Then f*w is supported in Uy and hence in Qs/5. Also

by (5.7) f*w is supported in Qj/5. Thus both of these forms are zero outside Qs/2.
However, on Qs/2, f = f by (5.5), so these forms are equal everywhere, and hence

deglf) = [ fro= [ Fo—des(h).

Next let w be a compactly supported n-form of class C* with support in Qs /2 and

with integral equal to one. Then f*w is supported in Qs by (5.8), and hence since
f(z) =2 on Qf f*w = w. Thus

deg(f) = [ rw= [u-1.

Putting these two identities together we conclude that deg(f) = 1. O

If the function ¢ in Theorem 5.2 is a C* function, the identity (5.1) is an immediate
consequence of the result above and the identity (4.2). If ¢ is not C!, but is just
continuous, we will deduce Theorem 5.2 from the following result.

Theorem 5.4. Let V' be an open subset of R™. If ¢ : R™ — R is a continuous function
of compact support with supp ¢ C V', then for every € > 0 there exists a C> function
of compact support, 1 : R" — R with supp v CV and

sup [¢(x) — ¢(z)| <e.

Proof. Let A be the support of ¢ and let d be the distance in the sup norm from
A to the complement of V. Since ¢ is continuous and compactly supported it is
uniformly continuous; so for every e > 0 there exists a > 0 with § < %l such that
|p(x)—d(y)| < e when |z — y| < §. Now let @ be the cube: |z| < d and let p : R" — R
be a non-negative C* function with supp p C @ and

/p(y) dy=1. (5.9)
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Set

(z) = / oy — 2)(y) dy.

By Theorem 2.5, v is a C* function. Moreover, if A; is the set of points in R? whose
distance in the sup norm from A is < § then for x ¢ As and y € A, |x — y| > § and
hence p(y —x) = 0. Thus for x ¢ A

/ Py — 2)d(y) dy = / ply — 2)o(y) dy =0,

so 1 is supported on the compact set As. Moreover, since § < %, supp v is contained
in V. Finally note that by (5.9) and exercise 4 of §4:

/p(y —x)dy = /p(y) dy =1 (5.10)
and hence
oa) = [ olaloty —a)dy
oa) = v(e) = [(6la) ~ ooty — o) dy
and

6(z) — ()] < / 16(z) — 6()| ply — 2) dy

But p(y —x) = 0 for |z —y| > §; and |p(x) — p(y)| < € for |z —y| < 6, so the integrand
on the right is less than

E/p(y —x)dy,
and hence by (5.10)
|p(x) —(z)] <e.
U

To prove the identity (5.1), let 7 : R® — R be a C*> cut-off function which is one
on a neighborhood V; of the support of ¢, is non-negative, and is compactly supported

with supp v C V, and let
= / V() dy-

By Theorem 5.4 there exists, for every € > 0, a C* function ¢, with support on V;
satisfying
60—l < £ (5.11)
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Thus

[o-vwa| < [ 1o-vio)a

\%

< /Vvlcb —[(y) dy

i [ swdn- [ vt <. (512)

Similarly, the expression

| [ @= vy s@ldet Dpe)] da]
is less than or equal to the integral
[ ve f@l@=v)o f@)l |det Df @) o

and by (5.11), |(¢ —¢) o f(z)] < 5, so this integral is less than or equal to

- / v o f(x)|det Df (z)| da

€

and hence by (5.1) is less than or equal to 5. Thus

<

’/qbo )| det Df(x |d:(:—/1po 2)| det Df(z)| dz

(5.13)

5
Combining (5.12), (5.13) and the identity

/zp dy_/wo 2)| det D f(z)| da

we get, for all € > 0,

’/<b ) dy — /qbo x)|det Df(x)|dx| < ¢

/ dy_/<bo 2)| det D f(z)| dz .

21

and hence



Exercises for §5

(1) Let h: V — R be a non-negative continuous function. Show that if the improper

integral

/V h(y) dy

is well-defined, then the improper integral

/ ho f(x)|det Df(x)|dx
U

is well-defined and these two integrals are equal.

Hint: If ¢;, i = 1,2,3,... is a partition of unity on V then ¢; = ¢; o f is a
partition of unity on U and

/@hdyz /¢i(h0f(x))|deth(x)|dx.

Now deduce the result above from Theorem 16.5 in Munkres’ book.

Show that the result above is true without the assumption that h is non-
negative.

Hint: h = hy — h_, where h, = max(h,0) and h_ = max(—h,0).

Show that, in the formula (4.2), one can allow the function, ¢, to be a continuous
compactly supported function rather than a C' compactly supported function.
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6 The degree of a differentiable mapping

Let U and V be open subsets of R” and f : U — V a proper C? mapping. In this
section we will show how to compute the degree of f and, in particular, show that it
is always an integer. From this fact we will be able to conclude that the degree of f
is a topological invariant of f: if we deform f smoothly, its degree doesn’t change.

Definition 6.1. Let C be the set of critical points of f. A point, ¢ € V, is a regular
value of f if it is not in the image, f(Cy), of Cy.

By Sard’s theorem “almost all” points, ¢ in V' are regular values of f; i.e., the set
of points which are not regular values of f is a set of measure zero. Notice, by the
way, that a point, ¢, can qualify as a regular value of f by not being in the image of f.
For instance, for the constant map, f : R" — R™, f(p) = ¢, the points, ¢ € R" — {c}
are all regular values of f.

Picking a regular value, ¢, of f we will prove:

Theorem 6.2. The set f~1(q) is a finite set. Moreover, if f~*(q) = {p1,---,Pn},
then there exist connected open neighborhoods U; of p; in'Y and an open neighborhood
W of q in'V such that:

(i) fori# j U; and U; are disjoint;
(ii) f~1 (W) =UU;,
(iii) f maps U; diffeomorphically onto W.
Proof. If p € f~*(q) then, since q is a regular value, p & C/; so
Df(p): R" —R"

is bijective. Hence, by the inverse function theorem, f maps a neighborhood U, of p
diffeomorphically onto a neighborhood of q. The open sets

{(U,, pefq)}

are a covering of f~1(q); and, since f is proper, f~!(q) is compact; so we can extract
a finite subcovering

(U, , i=1,... N},

and since p; is the only point in U,, which maps onto ¢, f~*(¢) = {p1,...,p~n}-

Without loss of generality we can assume that the U, ’s are disjoint from each
other; for, if not, we can replace them by smaller neighborhoods of the p;’s which
have this property. By Theorem 4.3 there exists a connected open neighborhood W
of ¢ in V' for which

)y U
To conclude the proof let U; = f~H(W)NU,,.
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The main result of this section is a recipe for computing the degree of f by counting
the number of p;’s above, keeping track of orientation.

Theorem 6.3. For each p; € f~(q) let 0y, = +1 if f : Ui — W is orientation
preserving and —1 if f: U; — W s orientation reversing. Then

deg(f) = Y . (6.1)

Proof. Let w be a compactly supported n-form on W of class C! whose integral is

one. Then N
deelf) = [ ro=3 [ 1o

Since f: U; — W is a diffeomorphism
f*w:j:/ w=+lor —1
U; W

depending on whether f : U; — W is orientation preserving or not. Thus deg(f) is
equal to the sum (6.1).
O

As we pointed out above, a point, ¢ € V can qualify as a regular value of f “by
default”, i.e., by not being in the image of f. In this case the recipe (6.1) for computing
the degree gives “by default” the answer zero. Let’s corroborate this directly.

Theorem 6.4. If f: U — V isn’t onto, deg(f) = 0.

Proof. By exercise 3 of §4, V — f(U) is open; so if it is non-empty, there exists a
compactly supported n-form, w, of class C> with support in V — f(U) and with
integral equal to one. Since w = 0 on the image of f, f*w = 0; so

Ozéfwzkﬁﬁﬂw:®aﬁ-
]

Remark: In applications the contrapositive of this theorem is much more useful than
the theorem itself.

Theorem 6.5. If deg(f) # 0, then f maps U onto V.
In other words if deg(f) # 0 the equation
flx) =y (6.2)

has a solution, x € U for every y € V.

We will now show that the degree of f is a topological invariant of f: if we deform
f by a “homotopy” we don’t change its degree. To prove this we will need a slight
generalization of the notion of “proper mapping”.
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Definition 6.6. Let X be a subset of R™ and Y a subset of R™. A continuous map
f: X =Y is proper if for every compact subset, A, of Y, f~Y(A) is compact.

In particular, let U and V' be open subsets of R" and let a be a positive real

number. Suppose that
g:[0,al xU -V

is a proper C'! mapping. For ¢ € [0, a| let
U=V (6.3)

be the mapping, fi(p) = g(p,t). Then, if A is a compact subset of V, f, '(A) is the
intersection of the compact set

{(s,p) €[0,a] x U, g(s,p) € A}

with the set: s =t, and hence is compact. Therefore, for every ¢t € [0,a], f; : U — V
is a proper C! mapping. If fy = f, we will call the family of mappings

ft7 0 S t S a
a “deformation” or “homotopy” of f.
Theorem 6.7. For allt € [0,al, the degree of f; is equal to the degree of f.

Proof. Let
w=(y)dys A~ Ndyn

be a compactly supported n-form of class C! on U with integral equal to one. Then
the degree of f; is equal to the integral of f;w over U:

/Ugb(gl(x, t),...,gn(z,t)) det Dyg(x,t) dx . (6.4)

The integrand in (6.4) is continuous and is supported on a compact subset of [0, a] X U;
hence (6.4) is continuous as a function of t. However, deg(f;) is integer valued, so
(6.4) is an (integer-valued) constant, not depending on t. O

There are many other nice applications of Theorem 6.3. We’ll content ourselves
with two relatively simple and prosaic ones:

Application 1. The Brouwer fixed point theorem

Let B™ be the closed unit ball in R™:

{r eR", [lzf| < 1}.
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Theorem 6.8. If f : B™ — B" is a C? mapping then f has a fizved point, i.c., f
maps some point, xo € B" onto itself.

The idea of the proof will be to assume that there isn’t a fixed point and show
that this leads to a contradiction. Suppose that for every point, x € B" f(x) # =.
Consider the ray through f(x) in the direction of x:

flz)+s(z—f(z)), 0<s<oo.

This intersects the boundary, S"~1, of B™ in a unique point, v(z), (see figure 1 below);
and one of the exercises at the end of this section will be to show that the mapping
v : B" — 8" — ~(z), is a C* mapping. Also it is clear from figure 1 that
y(z) =z if v € S*7L.

y(x)tJ

Figure 6.1.

Let B"(r) be the ball, {x € R", ||z| < r}. Since v is a C? mapping of B" into
R”, there exists an open set, U, containing B" and a C? mapping of U into R” whose
restriction to B™ is 7. (For the sake of economy of notation we’ll continue to call

this map ~.) Since U is open and contains B™(1) it contains a slightly larger ball,
B"(1+ ég), dp > 0. We claim:

Lemma 6.9. Given € > 0 there exists 0 < 0 < g such that for 1 < ||lz|| < 1+ 0,
|lv(z) — z|| is less than e.

Proof. Since ~y is uniformly continuous on B(1+ dy) there exists 0 < § < §y such that
for z,y € B(1+6) and ||z —y|| <6, ||7(z) —v(y)|| is less than €/2. Moreover we can
assume § < 5. Let 1 <|[z[| <1+ 0 and let y = z/[|z[|. Then

z—y=|=zlly —y = (l=ll = Dy
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SO
l =yl = ll=ll =1 < 4.

Hence [|y(x) —v(y)| is less than €/2; therefore, since y(y) = y, ||v(x) —y|| is less than
€/2. Thus

€
[v(z) =zl < [[v(x) =yl + lly — 2| < 3 +6<e.
]

Now let ¢ : R® — R be a C* function, with 0 < ¢ < 1, which is one on the set,
||| <1+ 0/2, and zero on the set, ||z|| > 14 ¢, and let

9(x) = p(x)y(x) + (1 — e(z))z. (6.5)
The mapping defined by (6.5) is a C* mapping of R™ into R™ with the properties
g9(x) = y(x) for [lz]| < 1+0/2 (6.6)
and
g(x) = (z) for ||z > 1+90. (6.7)
We claim that on the set 1 < ||z|| <146
lg(@)[] =1 —e. (6.8)

Indeed, since g(z) = p(x)(y(z) —z) + =

lg@)|l = [lz] = lv(z) —«|

and by Lemma 6.9, ||y(x) — z|]] < e if 1 < |Jz|| < 1+ §. On the other hand, for
[zl < 1, g(x) = ~(2) and [|y(z)]| = 1 so [[g(z)]| = 1 and for [|z[| = 1+6 g(z) = x, so
lg(x)|| > 1+ 6. Hence

lg(@)]| =1 —€ (6.9)

for all z. Moreover, by (6.6), g(z) is proper. Let’s compute its degree. (6.8) tells us
that if € < 1, the origin is not in the image of g, so by Theorem 6.4 the degree of g
is zero. On the other hand ¢ is equal to the identity map on the set ||z|| > 1 + 6,
and the degree of the identity map is one, hence so is the degree of g. This gives us
he contradiction we were looking for a proves by contradiction that f has to have a
fixed point.

Application 2. The fundamental theorem of algebra

Let p(2) = 2" +an_12" '+ -+ai1z+ag be a polynomial of degree n with complex
coefficients. If we identify the complex plane
C={z=z+iy;z,y e R}

with R? via the map, (z,y) € R?> — 2 = x + iy, we can think of p as defining a

mapping
p:R* =R 2z — p(2).

We will prove
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Theorem 6.10. The mapping, p, is proper and deg(p) = n.
Proof. For 0 <t <1 let

m(z) = (1—1)2" +tp(2)
n—1
= 2"+t Z a;z".
=0
We will show that the mapping
g:[0,1] x R* = R?, z — p,(2)
is a proper mapping. Let
C =sup{la;|,i=0,...,n—1}.
Then for |z| > 1

|a0 + .+ an_lzn_ll < |(l0| + |CL1||Z| + -+ |an—1| |Z|n_1
< Oz,
and hence, for |z| > 2C,
pe(2)| > 2" = Clz"
> Clz" .

If Ais a compact subset of C then for some R > 0, A is contained in the disk, |w| < R
and hence g7'(A) is contained in the set

{(t,2); 0 <t <1, |p(2)| < R};
and hence in the compact set
{(t.2); 0<t <1, Ol < R}
and this shows that ¢ is proper. Thus each of the mappings,
p: C—C,

is proper and degp; = degp; = degp = degpy. However, pg : C — C is just the
mapping, z — z" and an elementary computation (see exercises 5 and 6 below)
shows that the degree of this mapping is n.

O

In particular for n > 0 the degree of p is non-zero; so by Theorem 6.4 we conclude
that p : C — C is surjective and hence has zero in its image.

Theorem 6.11. (fundamental theorem of algebra)
Every polynomial,

p(z) = 2"+ an12" '+ Fao,

with complex coefficients has a complex root.
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Exercises for §6

(1)

Let W be a subset of R™ and let a(z), b(x) and c¢(x) be real-valued functions
on W of class C". Suppose that for every x € W the quadratic polynomial

a(x)s? + b(x)s + c(z) (*)

has two distinct real roots, s, (z) and s_(x), with s, (z) > s_(x). Prove that
sy and s_ are functions of class C".

Hint: What are the roots of the quadratic polynomial: as® + bs + ¢?

Show that the function, (z), defined in figure 1 is a C' mapping of B" onto
S?=1 Hint: ~(z) lies on the ray,

flx)+s(z— f(x), 0<s<oo,
and satisfies ||y(z)|| = 1; so y(z) is equal to

f(@) + so(z — f(2)),

where sy is a non-negative root of the quadratic polynomial

1f(2) + s(z — f(2))]]* - 1.
Argue from figure 1 that this polynomial has to have two distinct real roots.

Show that the Brouwer fixed point theorem isn’t true if one replaces the closed
unit ball by the open unit ball. Hint: Let U be the open unit ball (i.e., the
interior of B™). Show that the map

o i
1 — ]2

h:U—R", hx)
is a diffeomorphism of U onto R", and show that there are lots of mappings of
R™ onto R™ which don’t have fixed points.

Show that the fixed point in the Brouwer theorem doesn’t have to be an interior
point of B™, i.e., show that it can lie on the boundary.

If we identify C with R? via the mapping: (z,y) — z = z + iy, we can think of
a C-linear mapping of C into itself, i.e., a mapping of the form

z—cz, ceC

as being an R-linear mapping of R? into itself. Show that the determinant of
this mapping is |c|?.
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(6) (a) Let f:C — C be the mapping f(z) = 2". Show that
Df(z) =nz""".
Hint: Argue from first principles. Show that for h € C = R?

(z+h)"— 2" —nz""'h
]

tends to zero as |h| — 0.

(b) Conclude from the previous exercise that

det Df(z) = n?|z]*" 2.

(c) Show that at every point z € C — 0, f is orientation preserving.

(d) Show that every point, w € C — 0 is a regular value of f and that

fHw)={z1,..., 2.},

with o, = +1.
(e) Conclude that the degree of f is n.
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