Lecture 25

5.1 The Poincare Lemma

Let U be an open subset of R", and let w € QF(U) be a k-form. We can write
w=> ardrs, I = (iy,...,i), where each a; € C*(U). Note that

weQ = a; €CP(U) for each I. (5.17)
We are interested in w € Q7(U), which are of the form

w= fdxy N\ Ndx,, (5.18)

[o=[ 1= s (5.19)

the Riemann integral of f over U.
Our goal over the next couple lectures is to prove the following fundamental the-
orem known as the Poincare Lemma.

where f € C3°(U). We define

Poincare Lemma. Let U be a connected open subset of R", and let w € Q2 (U). The
following conditions are equivalent:

1. fUu):0,
2. w=dp, for some p € Q1(U).

In today’s lecture, we prove this for U = Int @, where Q = [a1,b1] X -+ X [ay, by]
is a rectangle.

Proof. First we show that (2) implies (1).

Notation.
dag Ao Adrg A Aday = dag A Adaiy Adzgg A A da,. (5.20)
Let u € Qm~1(U). Specifically, define

/L:Zfidxl/\---/\cix\i/M--/\dacn, (521)

where each f; € C3°(U). Every u € Q7 1(U) can be written this way.
Applying d we obtain
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Notice that if ¢ # 7, then the 4, jth summand is zero, so

df; —
duzzaidxi/\dxl/\--~/\dxi/\--~/\dxn

(5.23)
= Z(—l)i_l%dx A Ndx
8% ! "
Integrate to obtain
. of,
du="Y (1)~ [ = 5.24
[ an= [ 5 (5.24)
Note that
"o,
8—%51@ = filz)|ZZhi =0-0=0, (5.25)

because f is compactly supported in U. It follows from the Fubini Theorem that

ofi
/Uaxi — 0. (5.26)

Now we prove the other direction, that (1) implies (2). Before our proof we make
some remarks about functions of one variable.

Suppose I = (a,b) C R, and let g € C;°(I) such that supp g C ¢, d|, where
a < c<d<b. Also assume that

b
/ g(s)ds = 0. (5.27)
Define N
h(z) = / g(s)ds, (5.28)
where a < z < b.
Claim. The function h is also supported on c,d.

Proof. If > d, then we can write

h(z) = / " g(s)ds — / ’ o(s)ds, (5.29)

where the first integral is zero by assumption, and the second integral is zero because
the integrand is zero. O

Now we begin our proof that (1) implies (2).
Let w € Q"(U), where U = @), and assume that

/U w=0. (5.30)

We will use the following inductive lemma:



Lemma 5.8. For all 0 < k < n+ 1, there exists u € Q" (U) and f € C*(U) such
that

w=du+ fdxy AN--- Ndz, (5.31)
and

/f T1ye oy Tp)dxy ... dx, = 0. (5.32)

Note that the hypothesis for & = 0 and p = 0 says that [w = 0, which is our
assumption (1). Also note that the hypothesis for k = n+ 1, f =0, and w = du
is the same as the statement (2). So, if we can show that (the lemma is true for k)
implies (the lemma is true for k 4 1), then we will have shown that (1) implies (2) in
Poincare’s Lemma. We now show this.

Assume that the lemma is true for k. That is, we have

w=du+ fdxy N+ Ndx, (5.33)

and
/f X1y Tp)dxy .. dx, =0, (5.34)

where p € Q" 1(U), and f € C°(R).
We can assume that p and f are supported on Int @', where @' C Int @@ and

Ql = [Cl,dl] X+ X [Cnadn]'
Define

g(xy, ...,z /f Ty ooy Tp)dpsq - - ATy, (5.35)

Note that g is supported on the interior of [c1, d] X -+ X [cg, di]. Also note that

b
/ g(ml,...,xk_l,s)ds:/f(xl,...,xn)dxk...dxn:0 (5.36)

ag

by our assumption that the lemma holds true for k.

Now, define

Tk
h(xy,...,x5) = / g(x, ..., x_1, 8)ds. (5.37)
ag

From our earlier remark about functions of one variable, h is supported on ¢, < zp <
dy. Also, note that h is supported on ¢; < x; < d;, for 1 <i < k — 1. We conclude
therefore that h is also supported on [¢y,d] X -+ X [eg, dy].

Both ¢g and its “anti-derivative” are supported.

o _
ka_

Let ¢ = n — k, and consider p = p(Tps1,...,7,) € C(RY). Assume that p is
supported on the rectangle [cxi1, dki1] X -+ X [¢n, d,] and that

(5.38)

/pd:ckﬂ oodz, = 1. (5.39)



We can always find such a function, so we just fix one such function.
Define

v= (=1 n(zy,...,00)p(Tps1,. .., 20)dTy A-e- A E:-c\k A ANdx,.

The form v is supported on Q' = [c1,dy] X -+ X [¢y, dy].
Now we compute dv,

dv = (_1)k2£(hp)d:chdx1/\---/\g;-g\k/\.../\dxn'
; j

Note that if j # k, then the summand is zero, so

A _
dv = (— 1)8a pdxy Ndxy A --- Ndxg A -+ Ndx,
Tk
h
= (-1 )8 pdxy A -+ Adx,
Oy,
= —gpdxy N\ --- ANdzx,.
Now, define
Mnew = Wb — UV,
and

frew = f(@1, ) = g1, ) p(Thgas - )

w = d//mew + fnewd'xl JANERIAN dxn
=du+ (g(x1, ..., xp)p(Trary -y Tn) — flT1, ..o x) — gp)dzy A -+ A dxy,
=du+ fdxy A --- Ndx,
=w.

Note that
/fnew - /fnew(l’l, e ,xn)dka .. dl’n
= /f(xl, ey Tp)dTpyy - dxy,

—g(xy, ..., xx) /p(a:kH, ey Tp)dT gy - dTy

=g(z1,...,25) — g(x1,...,2%) =0,

which implies that the lemma is true for k + 1.

Remark. In the above proof, we implicitly assumed that if f € C§°(R"), then

g(zy,...,x /fxl,..., Ydxpyq ... dxpy,

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

is in C°(R*). We checked the support, but we did not check that g is in C>(R¥).

The proof of this is in the Supplementary Notes.



