18.117 Assignment # 4

1. Let A C R be a simple m-dimensional convex polytope, and let ¢ € RY.
Assume that (£,v" — v) # 0 for every pair of adjacent vertices v and v’ of A.

For v € Vert(A), define
indfv = #{Ui7 <vi - U?£> < 0}7

where vy, ..., v, are the vertices adjacent to v.
Prove that

by = #{v € Vert(A),indev = k}
is independent of &.

Hints for Problem 1:

(a) Let F' be a k-dimensional face of A. Show that there is a unique vertex
vp €Vert(F) such that if vy, ..., v are the vertices of F' adjacent to vp,
then

(vi—vp,§) >0, (x)
foralli=1,..., k.

(b) In particular, if FF = A, then there is one vertex vy with the property (x).
Conclude that by = 1.

(¢) Let f,,—1 be the number of (m — 1)-dimensional faces of A. Each such face
F has a unique vertex vg with property (x). Show that there are m such
faces with vp = vy, and show that the number of such faces with vp # v
is b;. Conclude that f,,_1 = mbg + b;.

(d) Let fi,—2 be the number of (m — 2)-dimensional faces of A. Show that

m m—1
Jm—2 = <2>b0+( 1 >b1+b2-

i. Sub-hint: The first summand counts the number of (m—2)-dimensional
faces F' for which vp = vy.
The second summand counts the number of (m — 2)-dimensional faces
F for which vp = vp, where F” is an (m — 1)-dimensional face with
Vg 75 (0
The third summand counts all the other (m — 2)-dimensional faces.

(e) In general, conclude that

k
m m— 1 m—{
fmk:(k)b0+(k—1)bl++bk: E (k'_£>bg

=0



