Lecture 16

Chapter 4

Elliptic Operators

This chapter by Victor Guillemin

4.1 Differential operators on R"
Let U be an open subset of R™ and let Dy be the differential operator,

1 0
\/—1 8:1:k '
For every multi-index, o = aq, ..., ay, we define
DY =D ---Dpm.

A differential operator of order r:
P:C®(U)—C>*(U),
is an operator of the form
Pu = Z an D, an € C®(U).
lee| <r
Here |a| = ag + -+ - .

The symbol of P is roughly speaking its

defined by
(€,8) = > aa()™ =:p(x,8).

la|=r

“rth order part”. More explicitly it is the function on U x R™

The following property of symbols will be used to define the notion of “symbol” for differential operators on
manifolds. Let f: U — R be a C* function.

Theorem. The operator . 4
u € C®(U) — e peitly,

1S a sum
T

> " P (4.1.1)

i=0
P; being a differential operator of order i which doesn’t depend on t. Moreover, Py is multiplication by the
function
po(z) =: P(x,¢)
with & = 2L i=1,...n.

Ox;’



Proof. Tt suffices to check this for the operators D®. Consider first Dy:

- . 0
e " Dpefu = Dyu + t—f .
Oxk
Next consider D¢
efithaeitfu _ efitf(D(lh.“Dzn)eitfu

(efithleitf)al . (efithneitf)anu

which is by the above

8f aq af [e]
Dy+t—) - (D,+t "
(Drttg =) (Dt ity )
and is clearly of the form (4.1.1). Moreover the ¢" term of this operator is just multiplication by
0 0 \a
— (=) " 4.1.2
(e d) ™+ (5) (412)
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Corollary. If P and Q are differential operators and p(x,§) and q(x, &) their symbols, the symbol of PQ is
p(x,€) q(z, s).
Proof. Suppose P is of the order r and @ of the order s. Then

e—itfPQeitfu — (e—itfpeitf) (e—itheitf)u
(p(z, )" + ) (q(x, dOYE + - )u
= (plz, df)a(z, A+ + - u.

Given a differential operator

P = Z aaD®

la|<r

we define its transpose to be the operator

ueC*U)— Z D“Gou =: Plu.

jal<r
Theorem. For u,v € C§°(U)
(Pu,v) =: /Puﬁd:ﬂ = (u, P").

Proof. By integration by parts

1 0
(Dru,v) = /Dkuﬁd:v:— —uvdk
v—1 oxy,
! 0 vd Dyvd
——— [ u=—7dz = | uDyvdzx
V-1 Oy,

= (u, dyv).
Thus
(D“u,v) = (u, D)
and
(aa D%u,v) = (D%, anv) = (u, DG,v),.



Exercises.
If p(z, £) is the symbol of P, p(x,£) is the symbol of pt.

Ellipticity.
P is elliptic if p(z,£) ¢ 0 for all z € U and £ € R™ — 0.

4.2 Differential operators on manifolds.

Let U and V be open subsets of R™ and ¢ : U — V a diffeomorphism.
Claim. If P is a differential operator of order m on U the operator

u€C®(V) = (p7!) Pp'u
is a differential operator of order m on V.

Proof. (¢~ 1)*DYp* = ((4,071)”‘D1<,0”‘)w1 ((ail)*Dngo*)a" so it suffices to check this for Dy and for Dy
this follows from the chain rule

. 9pi .
Dy fiza—wk‘ﬂ Dif.

This invariance under coordinate changes means we can define differential operators on manifolds.

Definition. Let X = X" be a real C* manifold. An operator, P : C*(X) — C®(X), is an m'™™ order
differential operator if, for every coordinate patch, (U, z1,...,x,) the restriction map

u € C®(X) — PulU
is given by an m'™" order differential operator, i.e., restricted to U,

Pu = Z ag DU, aq € C™(U).

lo|<m

Remark. Note that this is a non-vacuous definition. More explicitly let (U, z1,...,z,) and (U’,2,...,z})
be coordinate patches. Then the map
u— PulUNU’

is a differential operator of order m in the x-coordinates if and only if it’s a differential operator in the
2’'-coordinates.

The symbol of a differential operator
Theorem. Let f: X — R be C*™ function. Then the operator

ue C®(X) — e W pe~ithy

can be written as a sum
m

Z tm—iPi

i=0
P; being a differential operator of order i which doesn’t depend on t.
Proof. We have to check that for every coordinate patch (U,x1,...,x,) the operator
u€lC®X)— e~ petti1y

has this property. This, however, follows from Theorem 4.1.



In particular, the operator, Py, is a zero'™ order operator, i.e., multiplication by a C> function, po.

Theorem. There exists C*° function
o(P): T"X - C

not depending on f such that

po(x) = o(P)(z,§) (4.2.1)
with €& = df,.
Proof. Tt’s clear that the function, o(P), is uniquely determined at the points, £ € T, by the property (4.2.1),

so it suffices to prove the local existence of such a function on a neighborhood of z. Let (U, z1,...,2,) be a
coordinate patch centered at = and let &1,...,&, be the cotangent coordinates on T*U defined by

P= ZaaD”‘

on U the function, o(P), is given in these coordinates by p(z,£) = > aq(x)E*. (See (4.1.2).)

Then if

Composition and transposes

If P and @ are differential operators of degree r and s, PQ is a differential operator of degree r + s,

and o(PQ) = o(P)o(Q).

Let Fx be the sigma field of Borel subsets of X. A measure, dx, on X is a measure on this sigma
field. A measure, dz, is smooth if for every coordinate patch

(U7I17"'7xn)‘
The restriction of dz to U is of the form
pdxy...dx, (4.2.2)

 being a non-negative C*° function and dx . .. dx, being Lebesgue measure on U. dz is non-vanishing
if the ¢ in (4.2.2) is strictly positive.

Assume dz is such a measure. Given u and v € C§°(X) one defines the L? inner product

(u,v)

mw:/mm.

of u and v to be the integral

Theorem. If P : C®(X) — C>®(X) is an m™ order differential operator there is a unique m** order
differential operator, P, having the property
(Pu,v) = (u, P'v)

for all u,v € C§°(X).
Proof. Let’s assume that the support of u is contained in a coordinate patch, (U, x1,...,2,). Suppose that
on U

P = > auD
and

dx pdzxy ...dz, .



Then

(Pu,v) = Z/aQDO‘uﬁdecl ... dzy,
@

= Z / ao oD uvdxy . . . day,
«

= Z / uD*a,pvdry ... dx,

1
= Z/U—Dagpvgod:rl...d:cn
®

= ({(u, P'v)
where

1
Py = = D%Gq v .
52

This proves the local existence and local uniqueness of P! (and hence the global existence of P!).
O

Exercise.

o(P')(x,£) = o(P)(x,£).

Ellipticity.
P is elliptic if o(P)(z,&) #0 for all z € X and £ € T} — 0.
The main goal of these notes will be to prove:
Theorem (Fredholm theorem for elliptic operators.). If X is compact and
P:C®(X)— C®(X)

is an elliptic differential operator, the kernel of P is finite dimensional and u € C*°(X) is in the range of P
if and only if

(u,v) =0
for all v in the kernel of Pt.

Remark. Since P? is also elliptic its kernel is finite dimensional.





