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Lecture 23 
For the next few days we’re assuming that B is symplectic and V = V 2n . Choose a Darboux basis 
e1, f1, . . . , en, fn. Check that LB : V V ∗ is the map →

i , fi{ei → −f∗ → ei 
∗} 

where e∗i , f
∗ are the dual vectors. In the symplectic case B♯ = −B and LB♯ = −L.i 

Say that ω ∈ Λ2V , 

ω = 
� 

ei ∧ fi 

Λp

Lets look at the commutator [L,Lt] : Λp Λp. 
→Then we have the operation L : Λp → Λp+2 , given by α 7→ ω ∧ α and also its transpose Lt : Λp+2 . 

→

Theorem (Kaehler, Weil). [L,Lt] = (p− n) Id 

Proof. L = 
�

i Lei 
Lfi 

, so 

Lt = 
� 

Lt Lt ∗ fi ei 
= 
� 

ιf ∗ ιei i 

i 

Its easy to see that Kaehler-Weil holds when n = 2. 
For n-dimensions 

Lt ∗L = 
� 

Li Li = Lei 
Lfi 

= 
� 

Li
t Li

t = ιf ∗ ιeii 

Vi = span{ei, fi}, then Λp = spanβ1 ∧ · · · ∧ βn where βi ∈ Λpi (Vi). 
Note that 

n = nLiβ1 ∧ · · · ∧ β β1 ∧ · · · ∧ (Liβi) ∧ · · · ∧ β
and 

Lt n) = β1 ∧ · · · ∧ (Lj βj ) ∧ · · · ∧ βnj (β1 ∧ · · · ∧ β
If n = j, then LiL

t = Lt Li. So j j 

[L,Lt]β1 ∧ · · · ∧ βn = 
� 

nβ1 ∧ · · · ∧ [Li, L
t
i]βi ∧ · · · ∧ β

i 
n

= n = n 

�
(pi − 1)β1 ∧ · · · ∧ β (p− n)β1 ∧ · · · ∧ β




