Lecture 32

Properties of the moment map.
For v, w € g, we have

LUM d¢w = L'UJVI (L(wM)w) = L([UJWv wJW])w + L(wM)Lva = L([va wm])w = d¢[v’w]

SO
Ly, oV = ! + constant

Definition. @ is equivariant if and only if

Ly ¢ = ¢l
Remark: For G abelian, i.e. [,] =0 we have that equivarience implies G invariance, i.e.
(ry(p)) =2(p)  Vp

Also, there is a derivative of the moment map d®, : T, M — g*.
Theorem. (o) Im(d®,) = g;-
(b) kerd®, = (T,G op)=.
Two parts:

Notation. The “L” in a) is the the set of all v € g with (v,l) = 0 for [ € Imd®,,.
The “L” in b) is the symplectic L: The set of all w € T, M with wy(w,u) = 0 for v € T,G o p.

Proof. Recall that T,G o p = {vam(p),v € g}. For every v € g and w € T, M we have
(*) (dPp(w),v) = d®y(w) = wp(vrr, w)

Hence if (x) = 0 for all w, then ¢(var)wp = 0, so var(p) = 0.
Similarly if () = 0 for all v, then wL1T,G o p. O

De Rham Theory on Quotient Spaces

Let G be a connected Lie group, and 7 an action of G on M. Suppose 7 is free and proper. Then M/G is a
manifold and
7 M—M/G=DB

is a fibration, whose fibers are the G-orbits.
Definition. A k-form w € QF(M) is basic if
(a) It is G-invariant, i.e. Tjw =w for all g € G.
(b) t(vpr)w =0 for all v € g.
Theorem. w is basic if and only if there exists a v € QF(B) with w = 7 v.

The proof will be given in a series of lemmas:

Lemma. Forp € M and q = w(p) then sequence

0——=T,Gop : 1,7

15 exact.

Proof. m is a fibration and G o p is the fiber through p. N.B. T,,G o p = {vam(p),v € g}. O



Lemma. If t(va)pp =0 for all v € g there exists a vy, € AF(T*B) with (dmp,)*vy = pip

Symplectic Reduction

Assume G is compact, connected and (M,w) is a symplectic manifold. Let 7 be a Hamiltonian action of
G with moment map ® : M — g*. Assume 0 € g* is a regular value of ®, i.e. for all p € ®~1(0), d®, is
surjective. Then Z = ®~1(0) is a submanifold of M.

Proposition. Two things
(a) Z is G-invariant.
(b) The action of G on Z is locally free.

Proof. Z is G-invariant if and only if exptvy : Z — Z for all v € g if and only if v,,(p) € T, Z, for all p € Z.
But vas(p) € TpZ if and only if d®,(vas(p)) = 0 if and only if dp}’ (var(p)) = 0 for all w if and only if
Ly, " (p) = 0 on Z if and only if o[**I(p) = 0 at p. But p € ®~1(0).

To prove that the G action is locally free: At p € Z, d®, : T, — g* is onto. So (Imd®,)* = g, = 0 if
and only if the G action is locally free at p.

Assume G acts free on Z. Since G is compact it acts properly. And Z/G = M,q is a C*° manifold.

Proposition. Leti: Z — M be inclusion and 7w : Z — Z/G = Mycq. There exists a unique symplectic form
Wred 0N Myeq with the property that t*w = T wyeq. So the orbit space has a god-given symplectic form.

Proof. p =i*w, v € g, then ¢(vz)p = *(t(vy)w) = 1dg? = 0, since ¢” = 0 on Z. Moreover, w G-invariant
implies that p is G-invariant. So we conclude that y is basic, i.e. g = T Wyeq, With Wreq € QQ(M,.ed).
Check that this form is symplectic at p € Myeq, ¢ = 7(p),p € Z. Then
TGopC T,Z =ker(d®,) : T, — g* = (T,G op)™*

But TyM,cq = T,Z/T,Gop = (T,Gop)*/(T,Gop) and we conclude that this is a symplectic vector space. [





