Lecture 36

Let G be an n-torus, and ay,...,aq € Z§. Define a Hamiltonian action 7 of G on C? as follows. First we
have
L:R'—g" L) =)t

and d d 2 2
7SR () = (al o lal)

then ® = L o~y is the moment map of 7. As before, we're interested in the regular values of ®.
Define A, = L™!(a) NR% a convex polytope.

Theorem (1). a is a regular value if A, is a simple n-dimensional.

For a regular call Z, = ®~1(a). Assume G acts freely on Z,. we have M, = Z,/G.

Za_i>(cd

‘|
M,
: M, —Réand Ypor =~oi.
Z, =y"Y(A,) implies that ¢(M,) = A,.
Definition. A, is called the moment polytope

For £ € RY, let f = (1,€) and 7% f = i* fo where

d
fol2) =Y &l
=1

Theorem (2). Suppose that for all adjacent v,v' of A, we have (v —v',&) #0. Then
(a) f is Morse
(b) ¥ maps Crit(f) bijectively onto Vert(Ag).
(c) For q € Crit(f) ind, = indg v where v = ¢(a) and the index ind,& is given by
indyxi = {vg | (v —v,§) <0}
where the vy ’s are vertices adjacent to v.
Recall:
I C{1,...,d} then t € R¢ if and only if t; # 0 if and only if i € I. For A = A,
Ia ={I,LR¢NA # 0}

For I € Za, Ar = R? N A = faces of the polytope A. Recall also that there is a partial ordering I; < I if
and only if I; C I.
For I minimal Ay = {v;}

Theorem. a is a regular value if and only if for every vertex vi of Aq, ai,i € I form a basis of g*.

Let vy € Vert(A,). Relabel I = (1,2,...,n) so that a1, ..., a, are a basis for g*, a = > | a;a4, L(vy) =
a. vy = (a1,...,a,,0,...,0) and for k > n,
g = aio;

Rewrite

From this we conclude that A, is defined by

0 {ti =a; =Y agtk

t,.tg >0

We see immediately tat A, is m-dimensional, m = d — n. The edges of A, at v; lie along the rays v; + seg,
k=n-+1,...,dfor s >0.

Exercise Check that ex, = (—ak,1,---,0kn,0,...,1,...,0) where the 1 is in the kth slot.

The conclusion is that A, is simple at vy so A, is simple.

Let v = vy be a vertex of A,. Write

Oy ={teA,t;>0ifie}=|JJ>IA,.



Consider v~ 1(0,). These are open G-invariant sets in Z,

Take U, = m(y~1(O,)) an open cover of M,. Let f : M, — R. What does f look like on f |,,. Take
I=(1,...,n) by relabeling. Then

n
a= g a;q; vy = (a1,...,an,0,...,0)
i=1

then
lzil’=a; i=1,...,n

zeyl(v1)<:>{zk:0 k>

Proposition. v~ 1(vy) is a single G-orbit.

Proof. dimy~!(v) = n, dimG = n and G acts freely on v~ 1(v)

More generally, z € Z, if and only if vy(z) € A,. Hence by (I) O, is defined by

2% = ai = > arilakl?

and z; Z20,1=1,...,n.
Take fo = ij‘Zj‘Q then (*)

“fo=c+ Y <£k - Zak,i&) |2k |?

k>n

—c+ ) (ew &l =7"f

k>n
where e, is defined as before. O

Proof of Theorem 2. From (x) the only critical point of f on U, is a = w(y~1(v)).(Recall y~*(v) is a single
G-orbit).
Moreover 1(a) = v;. Finally if p € y~1(v), then

(@)@ o) = 3 (er Ol = S (er €) (o3 + 32)
k>n k>n

It follows that (d?f,) is (....), and the index is 2indgw. O

Also a consequence
H?** (M) =0

SO
by = dim H?*(M,) = #{Vert(A,),ind¢v = k}

and by = #{ind,iv = v} doesn’t depend on &. If fj is the number of k-dimensional faces of A, for
k=0,...,m then
m m—1
Jm—k = (k)bo-i- (kl)bri----—i-bk
Exercise Prove this.

Let A be a simple m-dimensional convex polytope and fi be the number of k-dimensional faces of A.
Define by, ..., b, by the solutions to the equations

fmfk = <T]Z)b0+bk



Then

Theorem (McMullen, Stanley). (a) The bys are integers.
(b) byp—i = by,
(c) bo < by < --- < by where k = [F].

Proof. Exhibit A as the moment polytope of a toric variety of M.
(a) The bgs are Betti numbers of M (so integers)
(b) Poincare duality
(c) Hard Lefschetz.



