The decay of solutions of the heat equation, Campanato’s
lemma, and Morrey’s Lemma,

1 The decay of solutions of the heat equation
A few lectures ago we introduced the heat equation

Au = uy (1)

for functions of both space and time. we will now bound the decay of the Dirichlet energy
and the Ly norm (ie [ u?) of solutions. If u solves the heat equation on © C R" with u = 0
on the boundary then

d
— [ w?= 2/ uuy = 2/ ulAu = —2/ Vul?, (2)
dt Ja Q Q Q
and J
/ IV —2/ Vu- Vi = _2/ N = —2/ \Auf2. (3)
dt Jo Q Q Q
Also note that the dirichlet energy is decreasing, so
d
2 [ vutoP < 4 [ a <2 [ [Tu 0P, ()
Q dt Ja Q
and
—2T/ V(- 0)2 §/u2(-,T)—/u2(~,0) §—2T/ Vu(,T)P. (5)
Q Q Q Q

2 Campanato’s Lemma
Before discussing Campanato’s lemma we need the concept of Holder continuity.

Definition Let f : R™ — R be a continuous function. f is « continuous at x if there are
constants k and 0 < « < 1 such that

flzo+ ) — f(zo) < Klz|® (6)



for small xg. If f is everywhere Holder continuous for some constant o then we say that

fecCc~
Now take f continuous on R™. Let x € R™, and define

1
Am Y .
’ vol BT<1') /r(x)u (7)

Campanato’s Lemma is then
Lemma 2.1 (Campanato’s Lemma) If there is a constant ¢ such that
/ (f = Agy)? < erotn (8)
B (x)
for all x and for small r then f € C“.

Proof First we will bound |A, , — Az 2,| Calculate

2
T e
|Az,r Aac,27’| - (VO] B, (x) /B (z) / vol Bay() /BQr(l’) f) .
2
1
(Vol B, ( B (x) (f - m /Bm(x) f)) "
2
<Vol B, ( BT(:E) 17 - Aﬂc727‘|> Y
(Jg

2
|f_Ax,2r|> . (12)

VOl BQT B2 (x)

By Cauchy-Schwarz ([ gh)
get

) (f h2) Apply this with g =1 and h = f — A2, to

22n

A:tr_Ax r2<7
4z, arl” = vol Bo,(x)

/ (f — Apar)?. (13)
Bar(z)

Now use the condition, 8, so

22nc(2r)2a+n
App — ApoyP < =—2"1 14
’ xZ,T LE,Q’I" — VO]. BQT(J:) I ( )
and we can pick a new dimensional constant C' = 22 o that
vol B (z)
|Apr — Agoy] < Cr®. (15)



We apply this to our problem. Note that A, 9—k, — Ay, = ij’g*l Ay o-icip — Ay gip,
SO

i=k—1
‘Ar,2—kr - Ai,’/" < Z |Ax,2—i_1r - A:E,Q_ir’ (16)
i=0
i=k—1 ‘
< c@2 ") (17)
i=0
i=k—-1
< Cre2Te Y2 (18)
i=0
This is simply the sum of a geometric series, so we can use the usual formula to get
1— —ka B
‘Angk,r - Al‘,’/" S WCTQQ Ol. (19)
Now let £ — oo to get
7(@) ~ Aup| S T Oro2 (20)

Now pick another point y € R™. Clearly we also have |f(y) — Ay | < ﬁC’sO‘Q*O‘.

Now we’ll estimate |A;, — A, s|. Calculate

2

1
Apr — Ay = |———— — Ay s 21
ar ol = |y [ S (21)
) 2
= |— .y 22
vol BT(IL‘) /BT(J:) (f y,s) ( )
) 2
and apply Cauchy-Schwaz as before to get
1
_ 2 < - - o 2
e~ Al < s [ (A (24
Pick r = |z — y| and s = 2|z — y| so that B,.(z) C Bs(y). Therefore
1
Apr — Ays? € ———— — Ay s)? 2
Az, 51 = vol By(x) /Bs(y)(f ) (25)
vol Bs(y) 1 / 9
— Ay 26
vol B,(z) vol Bs(y) Bs(y)(f vs) (26)

3



and, by our hypothesis,

1 B,(y)
AIT‘_A 52<L 2a+n. 2
| ) Y, | = vol BT(IL‘) cs ( 7)

Plugging in our values for r and s we have
Az — Aysl? < 27c(2]a —y|)?* ", (28)
and we're only interested in small |x — y|, so we can take 2|x — y| < 1 to get
[ Az — Ay78|2 < 2%c(2[z — y|)2a- (29)

At last we can calculate

[f(@) = f)l < 1f(@) = Al + [Azyr = Ay s[ +[Ays = f(y)] (30)
< an—a n/2 o «a an—a
< 7Ot +2 Ve2lz —yl) + 1502 (31)
c2—«
- n/2+a T
< <1_2_a+2 ﬁ+1_2_a0> |z — y|*. (32)

This completes the proof. |

3 Morrey’s Lemma

Morrey’s lemma, is very similar to Campanato’s lemma, but uses a condition on Dirichlet
energy rather than Ls norm.

Lemma 3.1 (Morrey’s lemma) Let f : R — R be continuous. If there is a constant c;
with
/ IVfI? < er 2720 (33)
B, ()
for all x and small r then f € C?*.

Proof This is a straightforward consequence of Campanato and Poincare. By Poincare
there is a constant cg such that

/ (f — Ax77~)2 < 02r2/ |Vf|2 < cpegr T (34)
By (x)

By (x)

by hypothesis. The result then follows by Campanato.



