Lecture Fight: Maximum principles and gradient estimates

1 The Maximum Principle for more general operators

Let u : B, — R" be a C? function, and let L be a uniformly elliptic differential operator
taking

0%u

for some real n X n symmetric matrix A with continuously differentiable entries. If x is an
internal maximum of u then

Vu=0and Lu <0

at x. When A is the identity matrix this is exactly the maximum principle from lecture 1.
If not then we pick coordnates at = so that A(x) is diagonal. Since all the eigenvalues of
A(x) are positive we have

0%u

for some collection of positive constants b;. Since x is a maximum 2712‘](33) 18 non-positive
i

for all 4, and Lu < 0 as expected.

2 The gradient estimate for L-harmonic functions

Recall the gradient estimate

c(n)

sup [Vu| < == sup |ul
T

T By

for harmonic functions u. We will prove a similar estimate for uniformly elliptic operators.



Proposition 2.1 Let L be a uniformly elliptic operator as above, with
Mv]2 <v-(Av) < Alv]?

for some real 0 < A < A. There are constants C which depend only on the operator and
the dimension of the space such that

sup (Vul < < suplul (3)

™ B2r

for all L-harmonic functions u on Bs,.

Proof This proof follows essentially the same steps as the proof for the earlier gradient
estimate from lecture 2, but each step is now more complicated. When constants are
intrioduced it is important to noctive that they depend only on A,n, A and A. As before
we will first prove the case r = 1, and then extend to general r.

Step 1. One key part of the proof in the harmonic case was the Bochner formula. We
will prove a similar result for L harmonic functions. Calculate

0? 9 2y
8:1:1-895]- |vu’ N 8331 Z 895]8% 83% (4)

u ou 0%u  0%u
2y + :

Therefore

a u 8216 (92u
2 _
L|Vul|* = 2%;141]8 D0y axk 22 Z ij 837 0xy, Ox;0xy, | ©)

Let vy, = (%*k. The last term is Vg - AV, > A\|Vug|? by uniform ellipticity. Substituting
in gives

0u ou ?u \?
L 2 > 2 Ajj— 2 .
[Vl Z T Oz i0x 0z}, 8xk + )\%: <8xi8mk> (7)

Now work on the first term.
9u ou 0 0%u 0A;; 0*u Ou
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since Lu = 0. Together with (7) this gives

0A;; 0%u
L|Vul? > -2 Y +2X
Vel 2 %: Oxy, 0x;0x; Ba:k Z <8x18xk>

0Ai; 8 0? :
Let cij = 32y Fo o2y and dij = Wa“xj. We can re-write (8) as

LIVul* > =2 " eijdij + 20 dj;.

i i

Note that

2.
)\d?j — ZCijdij + % = (CU \/>dzj> >0,

>

and so

1
Adjj = 2eijdi > =iy

LIVul* > ——Zc” + AZdl],

Apply this to (9) to get

or, in the old notation,

0A;; Ou
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Pick ¢; = supp,, } (Zw |VA,~]~]2) > 0. We have

0%u

9%u

2
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N Z |VA1]| |vu|2 + )\Z <6$1873k

0x;0xy,

u 2
LIVul> > —c1|Vul? + A ) ( ) .
= 0x,;0xy,

Step 2. We will also need to estimate

2
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since Lu = 0. Now apply uniform ellipticity to get

L(u?) > 2X\|Vu|? (14)

Step 3. Assume r = 1, and pick ¢ a test function with ¢ = 0 on 9B, and ¢ > 0 on
the interior. We need a bound for L(¢?|Vu|?). Calculate

(8| Vu)
2 2 o .
L(¢%|Vul) = A’Jiaxiaxj (15)
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ou O 0%y
= PLIVU) + L)Vl + 440 (17)

zy, Ox; Ox;0)

Note that L¢? is bounded on B, say L¢? > co. Applying this bound together with
inequality (13) we get

2 2 2
0*u ) i]¢8u8¢ 0°u (18)

LG Vul) > (cz — e16%)|Vul? + A2 (

The function ¢? is also bounded on Bs, so we can pick a positive constant cz such that
— k¢? > —c3. Then

Pu \? ou 9 9%
L(?|Vul?) > —c3|Vul? + \p? - . 19
(@°|Vul®) > —c3|Vul” + Ao D02 J%xk Dy D, 0 (19)
Now set v, = d)% and 05, = Ajj 88;‘ gf , and rewrite as
L(¢*|Vul?) > —c3|Vul? + M2 + 4v50. (20)

Use an absorbing inequality to show that



L(@*|Vul?) > —e3| Vul® - 465, (21)
for some positive constant c4. Substitute in for d;;, and we have
ou 96\
2 2 2 u
L(¢*|Vul®) > —c3|Vul —c4jzk (;AZJM(M)

u d¢\°
jk i ¢

since for any collection of real numbers the average of the squares is greater than the
square of the averages. The functions A;; are bounded on Bs, so there is a constant k£ with
|A”| < k. Thus

v

ou 96\ >
(o2 2y - _ 2 _ 2
(¢7|Vul®) > —e3|Vul® — ank ]Ek % B, O,
> —c3|Vul* — csn®k? |V o |2 Vul?,
and since |V¢|? is bounded on By

L(¢*|Vul?) = —c5|Vul® (22)

for some constant ¢s which depends only on the dimension and L.
Step 4. Apply the maximum principle. By steps 2 and 3

L(@|Vul® + Fu®) 2 0, (23)

so, by the maximum principle, ¢?|Vu|? + %uQ has no interior maxima. Therefore it takes
it’s maximum on the boundary. We have shown that

C, C.
sup(éQWu\Q + —2i\u2) = sup(¢2\Vu]2 + —2i’\u2). (24)
B 8Bs

Recall that ¢ is zero on the boundary, and choose it to be identically one on B;. Thus

sup [Vul> < sup(¢?|Vul> + S2u?)
Bl Bl 2)\
Cs
< sup(¢*|Vul? + Su?)
Bo
Cs
< sup(¢|Vul? + Zu?)
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C5 2

< —supu
2\ 5B,
C5 2
< —supu”’.
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Finally take square roots to obtain
Cs5
sup [V < < sup Jul (25)
B 2) B,

as expected.
step 5. Scale for general . Assume v is L-harmonic on By, and define v'(x) = u(rx).

Then u' is L harmonic on Bs. Plugging u’ into (25) we get

rsup |[Vu| < % sup |u| (26)
B'r 2)\ B2r

as required. |



