MATH 18.152 COURSE NOTES - CLASS MEETING # 7

18.152 Introduction to PDEs, Fall 2011 Professor: Jared Speck

Class Meeting # 7: The Fundamental Solution and Green Functions

1. THE FUNDAMENTAL SOLUTION FOR A IN R”

Here is a situation that often arises in physics. We are given a function f(x) on R” representing
the spatial density of some kind of quantity, and we want to solve the following equation:

(1.0.1) Au(z) = f(z), = (2!, 2") e R™

Furthermore, we often want to impose the following decay condition as |z| - oo :

(1.0.2) lu(z)] > 0.

For technical reasons, we will need a different condition in the case n =2. A good physical example
is the theory of electrostatics, in which u(x) is the electric potentia]ﬂ and f(x) is the charge density.
f(x) could be e.g a compactly supported function modeling the charge density of a charged star,
and we might want to know how the potential behaves far away from the star (i.e. as |z| > o0).
Roughly speaking, the decay conditions are physically motivated by the fact that the star
should not have a large effect on far-away locations.

As we will soon see, the PDE has a unique solution verifying as long as f(z) is
sufficiently differentiable and decays sufficiently rapidly as |z| - oco. Much like in the case of the heat
equation, we will be able to construct the solution using an object called the fundamental solution.

Definition 1.0.1. The fundamental solution ® corresponding to the operator A is
> In|z|
1

(1.0.3) o(z) d=ef{ A

wn|x‘n—2

v ol

2,
3,
where as usual || © /S (#7)? and wy, is the surface area of a unit ball in R” (e.g. w3 =4m).

Remark 1.0.1. Some people prefer to define their ® to be the negative of our .

Essentially, our goal in this section is to show that A®(x) = §(x), where ¢ is the delta distribution.
Let’s assume that this holds for now. We then claim that the solution to isu(z) = f*P(x) =
Jan f(y)®(x — y)d"y. This can be heuristically justified by the following heuristic computations:
Ay(f+®)=f+A,D=fx0=f(z).

Let’s now make rigorous sense of this. We first show that away from the origin, the fundamental
solution verifies Laplace’s equation.

Lemma 1.0.1. If x # 0, then A®(z) =0.

IRecall that the the force F associated to u is F = —Vu.
1
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Proof. Let’s do the proof in the case n = 3. Note that ®(z) = ®(r) (r " |z|) is spherically symmetric.
Thus, using the fact that A = 92 + %& when r > 0 for spherically symmetric functions, we have that
AD = 62<D+28CI>— —2 2. =0. U

war® w3r4

We are now ready to state and prove a rigorous version of the aforementioned heuristic results.

Theorem 1.1 (Solution to Poisson’s equation in R"). Let f(z) € C°(R™) (ie., f(x) is a
smooth, compactly supported function on R™). Then for n > 3, the Laplace equation Au(x) = f(x)

has a unique smooth solution u(x) that tends to 0 as |x| - co. For n = 2, the solution is unique
under the assumptions |( ‘) -0 as |z| > o0 and |Vu(z)| - 0 as |z| > co. Furthermore, these unique

solutions can be represented as

o= Je lylf(x -y) Py,  n=2
- — 2r JR2 ) )
104) o) = (@e D))= | TSI O oD
Furthermore, there exist constants C,, > 0 such that the following decay estimate holds for the
solution as |z| - oo :

Colnlx| n=2,
(1.0.5) u(z)| < { |22|| 03

Remark 1.0.2. As we alluded to above, Theorem shows that A®(x) = §(x), where 0 is the
“delta distribution.” For on the one hand, as we have previously discussed, we have that f =0 * f.
On the other hand, our proof of Theorem [L.1| below will show that f = Au=A(P * f) = (AD) * f.
Thus, for any f, we have § * f = (A®) * f, and so AP = 4.

Proof. We consider only the case n = 3. Let’s first show existence by checking that the function u
defined in solves the equation and has the desired properties. We first differentiate under
the integral (we use one of our prior propositions to justify this) and use the fact that A, f(x-y) =
A, f(x-y) (you can easily verify this with the chain rule) to derive

1 30— 3
“In Je Ty |A flo-y)dy = -~ e | flx-y)dy

To show that the right-hand side of ( is equal to f(x), we will split the integral into two
pieces: a small ball centered at the origin, and it’s complement. Thus, let B.(0) denote the ball of
radius € centered at 0. We then split

(1.0.6) Asu(z) = ! 1|

1 1 1 1 e
(1.0.7) A u(x)———f Ay f(z-y)d® y——f — A f(x-y) Py LT+ IT.
5.(0) [y 1 oo

We first show that I goes to 0 as € - 0*. To this end, let

(1.0.8) ME sup LF)I+ VL) +1A, f ().

Then using spherical coordinates (r,w) for the y variable, and recalling that d®y = r2dw (where
w € 0B1(0) c R3 is a point on the unit sphere and dw = sin 6 df d¢) in spherical coordinates, we have
that
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1 €
1.0.9 Is[ S Az - d3st/ dw dr = 2627 M.
(1.0.9) 1< [, ot @y [ ] rdodr =267

Clearly, the right-hand side of (1.0.9)) goes to 0 as € - 0*.
We would now like to understand the second term on the right-hand side of (1.0.7). We claim
that

(1.0.10) If(z) = 11| >0

as € > 0*. After we show this, we can combine ((1.0.7)), (1.0.9), and (1.0.10]) and let € - 0* to deduce
that Ayu(x) = f(x) as desired.

To show (|1.0.10)), we will use integration by parts via Green’s identity and simple estimates to
control the boundary terms. Recall that Green’s identity for two functions u, v is

(1.0.11) va(x)Au(:E) —u(x)Av(x)d"x = [99 vV yu(o) —uV gu(o) do.
Using (1.0.11]) and Lemma [1.0.1} we compute that

(1.0.12)

0
—

1 1
- A fx-y)+ fx-y) Ay— dPy =
/Bg(o) 1v] yf( y)+ f(z-y) y|y| Y

Above, V,y is the outward unit radial derivative on the sphere 0B(0). This corresponds to the

1
SR —0) = f(z - 0)V g — do.
omz Jo] VN (7= 0) = HE =)V oy do

“opposite” choice of normal that appears in the standard formulation of Green’s identity for B¢(0),
but we have compensated for this by carefully inserting minus signs on the right-hand side of
(1.0.12). Recalling also that VN(U)FA = —#, that |o| = € on 0B¢(0), and that do = €2dw on dB¢(0),
it follows that

1
1.0.13 —f A f(x-y d3y:—/
(1.013) Be(0) Jy| (z-) 9B1(0)
Using (|1.0.8)), it follows that the first integral on the right-hand side of (1.0.13)) is bounded by
4 Me, and thus goes to 0 as € - 0*. Furthermore, since f is continuous and since |, 9B1(0) ldw = 4m,
it follows that the second integral converges to 47 f(x) as e -~ 0*. We have thus proved ((1.0.10) for
n=3.
To estimate |u(x)| as |z| - oo, we assume that f(z) vanishes outside of the ball Br(0). It suffices
to estimate right-hand side of (1.0.4)) when |z| > 2R. We first note the inequality ﬁ < \%I’ which
holds for |y| < R and |z| > 2R. Using this inequality and ([1.0.8]), we can estimate right-hand side of

(T by

ew-(Vf)(x—ew)dw+f f(z-ew)dw.

aB1(0)

1

1 2R3M
1.0.14 = — f d3y| < 3y = ,
( ) lu(@)] 47?’ Br(0) |z — ¥ /W) y| 27|z| JBR(0) Y 3|z|

and we have shown (1.0.5) in the case n = 3.
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To prove uniqueness, we will make use of Corollary [£.0.4] which we will prove later. Now if u,v

are two solutions with the assumed decay conditions at oo, then using the usual strategy, we note

that w % u - v is a solution to the Laplace equation

(1.0.15) Aw =0

that verifies |w(z)| — 0 as |x| = oco. In particular, w is a bounded harmonic function on R3. We will
show in Corollary below that w(x) must be a constant function. Furthermore, the constant
must be 0 since |w(z)| - 0 as |z| - oo.
U
2. GREEN FUNCTIONS FOR DOMAINS ()

Our goal in this section is to derive an analog of Theorem [1.1] on the interior of domains {2 c R".
Specifically, we will study the boundary value Poisson problem

(2.0.16) Au(z) = f(z), reQcR”,
u(z) = g(x), € 99,

Theorem 2.1 (Basic existence theorem). Let g be a bounded Lipschitz domain, and let g €
C(0R2). Then the PDE ([2.0.16) has a unique solution u e C?(2) nC(£2).

Proof. This proof is a bit beyond this course. 0J

Definition 2.0.2. Let Q2 c R™ be a domain. A Green function in € is defined to be a function of
(z,y) € Q2 x Q verifying the following conditions for each fixed x € Q) :

(2.0.17) A,G(z,y) =6(x), yef
(2.0.18) G(x,0) =0, o € 0.
Proposition 2.0.2. Let ® be the fundamental solution (1.0.3) for A in R™, and let Q2 € R™ be a

domain. Then the Green function G(x,y) for Q can be decomposed as

(2019) G(Zlf,y) = q)($—y)—¢(l',y),
where for each x € Q, ¢(x,y) solves the Dirichlet problem

(2.0.20) Ayp(z,y) =0, y €,
(2.0.21) ¢(x,0)=d(x-0), o € 0.

Proof. As we have previously discussed, A® = 4. Also using (2.0.20)), we compute that

(2.0.22) MO - ) - 6z.9)) = A, Dz - ) - Ay, ) =6z~ y).
Therefore, ®(x —y) — ¢(x,y) verifies equation (2.0.17)).
Furthermore, using (2.0.21)), we have that ®(z — o) — ¢(x,0) = 0 whenever o € 992. Thus, ®(x -

y) — ¢(x,y) also verifies the boundary condition (2.0.18]).
0



MATH 18.152 COURSE NOTES - CLASS MEETING # 7 5

The following technical proposition will play later in this section when we derive representation
formulas for solutions to (2.0.16)) in terms of Green functions.

Proposition 2.0.3 (Representation formula for u). Let ® be the fundamental solution (1.0.3)
for A in R, and let Q c R™ be a domain. Assume that u € C%(). Then for every x € ), we have
the following representation formula for u(x) :

2.0.23 =fq> —y)Auly) d® —fcp —0)V; d f o ®(z—0)do.
( ) u(x) 0 (z-y)Ayu(y)d'y o (z=0)V g yul(o)do+ aQu(O‘)VN(U) (r-0)do
single laygr potential double layer potential

Proof. We'll do the proof for n = 3, in which case ®(x) = 47r|m|

identity (1.0.11]). Let B.(x) be a ball of radius € centered at x, and let €2, wf OQ\B.(z). Note that
00 = 0Q U -0B.(x). Using (1.0.11]), we compute that

1
2.0.24 f Au(y) d? =f
( ) o =] u)dy = |
-/ g (o) do [ u(o) V() d
oo fw—a] N7 Joq NN o)
1 1
- L vou(o)d f d
.[836(95) |x—a|vNU(U) o 8Be(x)U(o-)vN(|.fL' a|) o

In the last two integrals above, N (o) denotes the radially outward unit normal to the boundary of
the ball B.(x). This corresponds to the “opposite” choice of normal that appears in the standard
formulation of Green’s identity, but we have compensated by adjusting the signs in front of the
integrals.

Let’s symbolically write ([2.0.24) as
(2.0.25) L =R1+R2+ R3+ RA4.

We will also make use of Green’s

1 1

|VNu(a) u(o)VN(m) do

Our goal is to show that as € | 0, the following limits are achieved:
o L —4rm [ P(x-y)Ayu(y) Py
e R1 — 471 x single layer potential
e R2 — —47 x double layer potential
e R3-0
o R4 — —4dru(x).
Once we have calculated the above limits, (2.0.23) then follows from simple algebraic rearranging.
We first address L. Let M =max o Au(y). We then estimate

Au d3y
o )
<M

(2.0.26)

Au(y) d’y ——Au(y) d’y| <

Q. |3: Yl

d®y—-0aselO.

Be(a) v -y
This shows that L converges to [, ‘I—EZJ'Au(y) d3y as € 0.

The limits for R1 and R2 are obvious since these terms do not depend on e.
We now address 123. To this end, Let M’ = max . |Vu(y)|. We then estimate R3 by
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(2.0.27)

IR3| < f
9B. ()

We now address R4. Using spherical coordinates (r,0,¢) € [0,00) x [0,7) x [0,27) centered at
x, we have that do = r2sin6df d¢. Therefore, [836(1) W;UP do = f¢€[072ﬂ] [96[0,#] 1dO d¢ = 4. We now
estimate

1
MVNU(U)

1
daé[ -M'do = Ae? xe M > 0aselO.
OB (z) € ——
surface area of 9B.(z)

(2.0.28) ﬁRll -[- u(x)]‘ = |u(x) + i faBe(x) U(U)VN(")(Flcﬂ) do
1 1
= ./835(3&) (u(x) - u(a))(—|x — U|2)d0

< % /835(35) lu(x) —u(a)|<ﬁ) do

1 1
< - _ —— \d
< g omax () —u(@)| [ (=) do
u(x) —u(o)]->0aselO.

< max
0€dBe(x)

This shows that R4 - —4nu(x) as € 0.
0

Theorem 2.2 (Representation formula for solutions to the boundary value Poisson
equation). The solution u to (2.0.16)) can be represented as

(2.0.29) u(x) = —/Qf(y)G(m,y) d"y - /an(cr) VyG(z,0) do.
Poisson kernel

Proof. Applying Proposition [2.0.3] we have that

(2.0.30) u(a:)=—fﬂ@(x—y)f(y)d”y+LQQ(x—U)VN(U)u(U)dU—/mg(a)vma)fl)(x—a)da.
Recall also that
(2.0.31) G(z,y) = ®(x -y) - ¢(z,y)

(2.0.32) G(x,0) =0 when o € 0f.

Applying the Green identity ([1.0.11)) to the functions u(y) and ¢(x,y), and recalling that A, ¢(z,y) =
0 for each fixed x € ), we have that

Au(y) ®(z-0) u(o)
— —_——~ —
(2.0.33) 0=f9¢(x,y) £(y) dny—fmqs(x,a) vNu(o—)dm/mg(o—) v oo(z,0) do.

Adding (2.0.30) and ([2.0.33]), and using ([2.0.31]), we deduce the formula ([2.0.29).
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3. POISSON’S FORMULA
Let’s compute the Green function G(z,y) and Poisson kernel P(z, o) <" -V G(z,0) from (2.0.29)

in the case that Q %' Bpr(0) c R3 is a ball of radius R centered at the origin. We’ll use a technique

called the method of images that works for special domains.

Warning 3.0.1. Brace yourself for a bunch of tedious computations that at the end of the day will
lead to a very nice expression.

The basic idea is to hope that ¢(z,y) from (2.0.19), viewed as a potential that depends on
y, is equal to the potential generated by some “imaginary charge” ¢ placed at a point x* € °.
To ensure that property holds, ¢ and z* have to be chosen so that along the boundary
{yeR® | |yl = R}, 6(z,y) = 77, In a nutshell, we guess that

1 q
3.0.34 G = _
( ) (,9) drlx —y|  Armlxr -y

and we try to solve for ¢ and x* so that G(x,y) vanishes when |y| = R. Thus, when |y| = R, we must
have

1 q
3.0.35 = )
(30) T T
(3.0.36) 2" —y* = ¢’ —yf*.
(3.0.37) |22 =22y + R? = |z —y]* = Pl —y[* = A (Jx*]* - 22* -y + R?).

Then performing simple algebra, we have

(3.0.38) 22 + R? - *(R? + |2)?) = 2y - (2" - ¢*2).

Now since the left-hand side of (3.0.38]) does not depend on y, it must be the case that the second
term on the right-hand side vanishes. This implies that z* = ¢?x, and also leads to the equation

(3.0.39) ¢z)? - A(R? + |z]?) + R? = 0.
Solving (|3.0.39)) for ¢, we finally have that

R

(3.0.40) q=—,
||

. R

Therefore,
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R

(3.0.42) o(z,y) =
| |||x|2x ul
(3.0.43) (0, y) = }_2

where we took a limit as x — 0 in (3.0.42)) to derive (3.0.43)).
Next, using (3.0.34]), we have

1 1 R
(3.0.44) G(x,y) = -— 5 : x #0,
drlx —y| 4w |;1;H‘1;T1; - y‘

(3.0.45) G(0,y) = —— 1

0. y)=——-—.

dmlyl R
-y 1 R z*-y

3.0.46 G =
(3040 W) = e yP el P

Now when o € 9Bg(0), (3.0.36) and (3.0.40) imply that
(3.0.47) |v* —o| = —|x - ol

|
Therefore, using ([3.0.46|) and (3.0.47)), we compute that
R2
rT-0 l |z 2*-0  2-0 1 |z pp?—0

3.0.48 Gr.o)=——9 11 _ R
( ) VoG(z,0) Ar|lz - o> 4m R? |v—of) Amlz-of) 47 R? |x-0of3

. |22
S i
Ar|x - of? ( R? )
Using (3.0.48)) and the fact that N(J) = %, we deduce
R2—|z|? 1
4R |r -0

Remark 3.0.3. If the ball were centered at the point p € R3 instead of the origin, then the formula
(3.0.49) would be replaced with

(3.0.49) V 50y G (2,0) ¥ V,G(2,0) - N(0) =

R —lz-pP 1
4R |x-of
Theorem 3.1 (Poisson’s formula). Let Br(p) ¢ R3 be a ball of radius R centered at p =

(p',p*p?), and let x = (z',2%,2%) denote a point in R3. Then the unique solution u € C*(Bgr(p)) N
C(Bg(p)) of the PDE

(3.0.50) V0)G(@.0) € V,G(,0) - N(0) =

(3.0.51) { Au =0, x €,

u(x) = f(x), xed,

can be represented using the Poisson formula:
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Ix pl? / f(o)
3.0.52 == 1 LA g
( ) u(w) = AT R 0Br(p) | — o
Remark 3.0.4. In n dimensions, the formula (3.0.52) gets replaced with
R? — |z —p| f(o)
3.0.53 = —f )
( ) u(w) wn R dBr(p) |T — 0|

where as usual, w, is the surface area of the unit ball in R".

Proof. The identity (3.0.52)) follows immediately from Theorem and ((3.0.50)). U

4. HARNACK’S INEQUALITY

Theorem 4.1 (Harnack’s inequality). Let u be harmonic and non-negative in the ball Br(0) c
R™. Then for any x € Br(0), we have that

B2 (R - |x))
(R + |y

Proof. We’ll do the proof for n = 3. The basic idea is to combine the Poisson representation formula
with simple inequalities and the mean value property. By Theorem [3.1], we have that

(4.0.55) u(x) = Ll i f AGIR

47rR 9Br(0) | — o a|3

By the triangle inequality, for o € 9Br(0) (i.e. |o| = R), we have that |x| - R < |z - 0| < |z| + R.
Applying the first inequality to (4.0.55)), and using the non-negativity of f, we deduce that

B2 (R + )

(4.0.54) u(0) < u(e)  ~ s u(0)

R Rz 1
4.0.56 do.
(10.56) U S a5 o S T 00
Now recall that by the mean value property, we have that
(1057) 0= [ flo)d
0. u(0) = o)do
47 R? JaBr(0)

Thus, combining (4.0.56|) and (4.0.57)), we have that

Rr2(R + |z])
(4.0.58) u(xr) € —————~,

(R =)t

which implies one of the inequalities in (4.0.54). The other one can be proven similarly using the
remaining triangle inequality.

O

Corollary 4.0.4 (Liouville’s theorem). Suppose that u € C2(R") is harmonic on R™. Suppose
their exists a constant M such that u(x) > M for all x € R™, or such that u(x) < M for all x € R™.
Then u is constant.
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Proof. We first consider the case that u(z) > M. Let v < v + |M|. Observe that v > 0 is harmonic

and verifies the hypotheses of Theorem (4.1, Thus, by (4.0.54]), if x € R® and R is sufficiently large,
we have that

B2 (R - |]) B2 + )
(R + |y - (Bt
Allowing R — oo in (4.0.59), we conclude that v(x) = v(0). Thus, v is a constant-valued function

(and therefore u is too).

(4.0.59) u(0) < u(x) u(0).

To handle the case u(x) < M, we simply consider the function w(x) dof —u(x) + |M] in place of
v(x), and we argue as above.

O
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