MATH 18.152 COURSE NOTES - CLASS MEETING # 16

18.152 Introduction to PDEs, Fall 2011 Professor: Jared Speck

Class Meeting # 16: The Fourier Transform on R"

1. INTRODUCTION TO THE FOURIER TRANSFORM

Earlier in the course, we learned that periodic functions f € L?*([—1,1]) (of period 2) can be
represented using a Fourier series:

(1'0'1) f(m) “_ n% —|—mz::lam Cos(mﬂ'x) —|—mz::1bm sin(mﬂx).
The “ =" sign above is interpreted in the sense of the convergence of the sequence of partial sums

associated to the right-hand side in the L?([—1, 1]) norm. The coefficients a,, and b, represent the
“amount of the frequency m” that the function f contains. These coefficients were related to f
itself by

(1.0.2a) ap = /1f(x) dx,
(1.0.2b) Ay = /1 f(z) cos(mmnz) dx, (m>1),

(1.0.2¢) by = /_1 f(x)sin(mmz) dz, (m>1).

The Fourier transform is a “continuous” version of the formula (1.0.1]) for functions defined on
the whole space R™. Our goal is to write functions f defined on R™ as a superposition of different
frequencies. However, instead of discrete frequencies m, we will need to use “continuous frequencies”

€.
Definition 1.0.1 (Fourier Transform). Let f € L'(R"), i.e., [, |f(z)|d"z < oo. The Fourier

transform of f is denoted by f , and it is a new function of the frequency variable £ € R™. It is
defined for each frequency & as follows:

(1.0.3) FOZ | fla)e e dn,
]Rn
where - denotes the Euclidean dot product, i.e., if z = (z!,---,2") and £ = (', ,£"), then

E-x aof Z?:l &27. In the above formula, recall that if is 7 is a real number, then e = sinr +i cosr.

The formula ((1.0.3)) is analogous to the formulas (1.0.2a]) - (1.0.2d). It provides the “amount of
the frequency component” ¢ that f contains. Later in the course, we will derive an analog of the

representation formula ([1.0.1]).
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Remark 1.0.1. The Fourier transform can be defined on a much larger class of functions than
those that belong to L'. However, to make rigorous sense of this fact requires advanced techniques
that go beyond this course.

We will also use the following notation.

Definition 1.0.2 (Inverse Fourier transform). Given a function f(§) € L'(R"), its inverse
Fourier transform, which is denoted by fV, is a new function of z defined as follows:

(1.04) P@E = [ e de

The name is motivated as follows: later in the course, we will show that (f)¥ = f. Thus, V is in
fact the inverse of the operator A.

The Fourier transform is very useful in the study of certain PDEs. To use it in the context
of PDEs, we will have to understand how the Fourier transform operator interacts with partial
derivatives. In order to do this, it is convenient to introduce the following notation, which will si-
multaneously help us bookkeep when taking repeated derivatives, and when classifying the structure
monomials.

Definition 1.0.3. If

(1.0.5) a¥@l, -, a"

is an array of non-negative integers, then we define dz to be the differential operator

(1.0.6) 0z oot ... 9",
Note that 0z is an operator of order |d| oty ran,

If v = (x!,--- ,2") is an element of C", then we also define 2% to be the monomial
(1.0.7) N O L G L

The following function spaces will play an important role in our study of the Fourier transform.
Throughout this discussion, the functions f are allowed to be complex-valued.

Definition 1.0.4 (Some important function spaces).
(1.0.8) ck & {f:R" — C | d5f is continuous for |@d| < k},

(1.0.9) Co ™ {f:R"— C | f is continuous and |1|im f(z) = 0}.
T|—o0

We also recall the following norm on the space of bounded, continuous functions f : R* — C :

(1.0.10) 1 £lleo & max | f(x)

The L? norm plays an important role in Fourier analysis. Since f is in general complex-valued
we also need to extend the notion of the L? inner product to complex-valued functions. This is
accomplished in the next definition.
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Definition 1.0.5 (Inner product for complex-valued functions). Let f and g be complex-
valued functions defined on R™. We define their complex inner product by

def _ n
(1.0.11) (f.9) = | [flx)g(z)d"z,
]Rn
where g denotes the complex conjugate of g. That is, if g(x) = u(z) + iv(x), where u and v are

real-valued, then g(x) o u(z) —iv(x).
We also define norm of f by

e e /
(1.0.12) 11 2 (i)
R

Note that this is just the standard L? norm extended to complex-valued functions.

Note that (-, ) and |- || verify all of the standard properties associated to a complex inner product
and its norm:
e ||f]| > 0and ||f|| =0 if and only if f = 0 almost everywhere
e (g, f) = (f,g) (Hermitian symmetry)
e If a and b are complex numbers, then (af + bg, h) = a(f, h) + b(g,h), and (f,ag) = a(f, g)
(Hermitian linearity)
o [(fra) < [IfIlllgll (Cauchy-Schwarz inequality)
o [/ +gll <IIFll +llgll (Triangle Inequality)

2. PROPERTIES OF THE FOURIER TRANSFORM

The next lemma illustrates some basic properties of f that hold whenever f € L.

Lemma 2.0.1 (Properties of f for f € L'). Suppose that f € L'(R"). Then f is a bounded,
continuous function and

(2.0.13) 1 lleo < £l

Proof. Since |¢"| = 1 for all real numbers r, it follows that for each fixed &, we have

def

(2.0.14) F©)1 < - [f(z)e ™| d"e < - [f(@)[d"z = |-

Taking the max over all £ € R", the estimate (2.0.13)) thus follows.
We now prove that f is continuous. Given € > 0, let B be a ball of radius R centered at the
origin such that the integral of | f| over its complement B¢, is no larger than e :

(2.0.15) /B |f(z)|d"x <e.

c
R

It is possible to choose such a ball since f € L'. We then estimate
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<2

A\

2016) |f© =l < [ V@l =@y [ gl feE - e e

c

< [ U@l - e 4 2
Br

Now since e~2™" is a uniformly continuous function of the real number 7 on any compact set, if
|€ — 7] is sufficiently small, then we can ensure that max,cp, |e ™% — e~ 27| < ¢. We then
conclude that the final integral over By on the right-hand side of (2.0.16)) will be no larger than

TE-T —2min-x n n,, def
(2.0.17) max e 26 — 22| [ @) dr < e [ |f(@)] d"e el ]l
CEEBR BR R

Thus, in total, we have shown that if | — 7| is sufficiently small, then | f(€) — f(n)] < €|l f]|1: + 2e.
Since such an estimate holds for all € > 0, f is continuous by definition. O

It is helpful to introduce notation to indicate that a function has been translated.

Definition 2.0.6 (Translation of a function). If R* — C is a function and y € R™ is any point,
then we define the translated function 7, f by

def
(2.0.18) . f(z) = f(z —vy).
The next theorem collects together some very important properties of the Fourier transform. In

particular, it illustrates how the Fourier transform interacts with translations, derivatives, multi-
plication by polynomials, products, convolutions, and complex conjugates.

Theorem 2.1 (Important properties of the Fourier transform). Assume that f,g € L'(R"),
and let t € R. Then

(2.0.19a)
(1, F)"(€) = eV f(g),
(2.0.19D)
h(€) = 7,/(€) if h(z) & e f(g),
(2.0. 19c)
h(€) =t f(t€) if h(x) & f(t 1),
(2.0.19d)
(f * 9)"(€) = F(£)a(&),
(2.0.19¢)
If 2%f € L'for |d@| < k, then f € C* and dxf(&) = [(—2miz)% f(2)](€),
(2.0.19f)

If f € Ck, 0zf € L' for|d| < k,and Ozf € Cy for |G| < k — 1, then (0af)"(€) = (2#@5)&]?({)
(2.0.19g)

F&) = (F)Y(©) and (fV)(€) = (&)
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Above, f denotes the complex conjugate of f: i.e., if f = u + v, where u and v are real-valued,
then f =u —iv.

Proof. To prove ([2.0.19af), we make the change of variables z = x —y, d"z = d"z and calculate that

(2.0.20)
(r N6 & [ fa- y)e 2T g = | f@e D gy = o 2T [ f()em B gy T e 2 f(g),
-

To prove 1’ we calculate that

(2.0.21) iL(f) d:ef /n ezmn-xf(x)eﬁwim-& dr = f( ) —2miz-(§—mn) d"x d:ef f(g . ) d_ef 7'77]?(5)

To prove (2.0.19¢]), we make the change of variables y = t~'x, d"y = t"d"x to deduce that

(2.0.22) GRS f(t Lp)e 2 gy

f(y)e—me~t§ tndny

def

£ f(£6).

To prove ([2.0.19d)), we use the definition of convolution, (2.0.19al), and Fubini’s theorem to deduce
that

(2.0.23)
@ [ ([ pe—patiary)as

n

[ o ([ et pare)

e2miEu (e ’
f©) [ e ay ™ f©ae)

To prove (2.0.19¢)), we differentiate under the integral in the definition of f(£) to deduce that

(2.0.24)
1) = | f@af e tdre = [ fla)(—2miz)Te 2™ d"e = [(~2miz) f(2)](€).
Rn R'n

To prove (2.0.19f), we integrate by parts |@| times and use the hypotheses on f to discard the
boundary terms at infinity, thus concluding that

(2025) (852f)/\(f) d:ef . a&f(m)e—%rixf dnl' — s f(x)(_l)@\agc)e—%rix.g dnl'

f(@)(2mi€) e de 2 (2mi€) f(€).
Rn
To deduce the first relation in (2.0.19g)), we compute that
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(2.0.26)

FO | et = | f)emmide = | f@)erde  f-o € (he).

Rn Rn

The second relation in (2.0.19g) can be shown using similar reasoning.

(2.0.19€) roughly shows that if f decays very rapidly at infinity, then f is very differentiable.
Similarly, (2.0.19f) roughly shows that if f is very differentiable with rapidly decaying derivatives,
then f also rapidly decays. The Fourier transform thus connects the decay properties of f to
the differentiability properties of f , and vice versa. In the next proposition, we provide a specific
example of these phenomena. More precisely, the next proposition shows that the Fourier transform
of a smooth, compactly supported function is itself smooth and rapidly decaying at infinity.

Proposition 2.0.2. Let f € C°(R"™), i.e., f is a smooth, compactly supported function. Thenf
1s smooth and “rapidly decaying at infinity” in the following sense: for each N > 0, there exists a
constant C'y > 0 such that

(2.0.27) () < Cn(+ e~

Furthermore, an estimate similar to (2.0.27) holds (with possibly different constants) for all of the
derivatives [07f(£)|.
In particular, fe Lt:

def

(2.0.28) 17l = | 1)1 < o0,

and similarly for agf, where E 1s any deriwative multi-index.

Proof. Using and the fact that f is compactly supported (and hence z9f € L'), we see
that f is smooth.

To prove (2.0.27), we use (2.0.191), (2.0.13), and the fact that ||0zf| ;1 < oo for any differential
operator dz to deduce that

(2.0.29) |27 F(€)] = |(0)ME)] < 10af |11 = Ca

where Cyz is a constant depending on &. In particular, if M > 0 is an integer, then by apply-

ing (2.0.29) to the differential operator AM oo (o, oM (i.e., |(2mi)2M (Z({Z)Q)Mf(fﬂ =
i=1

g2

(AMFYNE)| < COn ) it follows that

(2.0.30) @)™ |f(€)] < Cu
for some constant Cp; > 0. It is easy to see that an estimate of the form (2.0.27) follows from

(2.0.30).
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(2.0.28)) follows from ([2.0.27]) and the fact that

1
2.0.31 / ——d"¢ < 0.
2031 o (L5 €7
To see that (2.0.31)) holds, perform the integration using spherical coordinates on R"™ :
1 0 pn—l
(2.0.32) / ——d"¢ = wn/ ———dp,
e (14 [6])"* p=0 (L+ p)tt

def

where p < |¢ | = />_;—1(&7)% is the radial variable on R", and w,, is the surface area of the unit

ball in R™. By a simple comparison estimate, it is easy to see that the integral on the right-hand
side of (2.0.32) converges (the integrand behaves like 0 near p = 0, and hke near 00).

To show that similar results hold for for 83 f , we first use (2.0.19€)) to conclude that

(2.0.33) 051(€) = [(=2miz)” f ()] (€).

Furthermore, the function (—27m'x)5 f(z) also satisfies the hypotheses of the proposition. We can

therefore repeat the above arguments with dz f in place of f and (—2m‘x)5 f(x) in place of f.
O

3. GAUSSIANS

One of the most important classes of functions in Fourier theory is the class of Gaussians. The
next proposition shows that this class interacts very nicely with the Fourier transform.

Proposition 3.0.3 (The Fourier transform of a Gaussian is another Gaussian). Let f(z) =
exp(—mz|x|?), where z = a + ib is a complex number, a,b € R, a > 0, z = (x',--- ,2") € R", and

o> =375 (¢7)%. Then

(3.0.34) F(&) = 2P eap(—w[¢*/ 2).

Proof. We consider only the case b = 0, so that z = a. The cases b # 0 would follow from an
argument similar to the one we give below but requiring a few additional technical details. We first
address the case n = 1. Then by properties (2.0.19€))-(2.0.19f)) of Theorem , we have that

n 2 o d 2 ) a - o
(B035) (O = (“2mize ) = (e ) Q) = L2mief(€) = —€/(6)
We can view as
(3.0.36) —lnf = _—%5

dg
Integrating (13.0.36)) with respect to £ and then exponentiating both sides, we conclude that

(3.0.37) (&) = Cexp(—n¢?/a.)

Furthermore, the constant C' clearly must be equal to f(0).
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We now compute f(0) :

1

¢ def —max?  —2mig0 -1/2
(3.0.38) f0) = [ emmaw” o720 gy — 712,
R

Note that you have previously calculated this integral in your homework. Combining and
(3.0.38), we arrive at the desired expression (3.0.34) in the case n = 1.

To treat the case of general n, we note that the properties of the exponential function and the
Fubini theorem together allow us to reduce it to the case of n =1

(3.0.39) f(¢) = exp(—malz|?)exp(—27i€ - x) d"x

J
- [ o= oo —2mi Y-

n

_ ﬁ { /}Rexp( — ma(z?)?)exp(—2mig’a?) dxj}

{exp( - ﬂa(xj)Q)eXp(—Qmﬁjxj)} d"x

1

<

= H a_1/2exp( —n(¢)?/a)
= a’”/Qexp( —7ma ! Z(fj)2)

= a”"?exp(~ml¢|*/a).

We have thus shown ([3.0.34]).

4. FOURIER INVERSION AND THE PLANCHEREL THEOREM

The next lemma is very important. It shows that the Fourier transform interacts nicely with the
L? inner product.

Lemma 4.0.4 (Interaction of the Fourier transform with the L? inner product). Assume
that f,g € L'. Then

(4.0.40) f@)g(@)d"e = | f(x)j(x)d .

Rn R

Alternatively, in terms of the complex L? inner product, we have that

(4.0.41) (f,9)=1(f9").
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Proof. Using the definition of the Fourier transform and Fubini’s theorem, the left-hand side of

(4.0.40)) is equal to

(4.0.42) / f(&)g(z)e ™% qn¢ d .
n Rn
By the same reasoning, this is also equal to the right-hand side of (4.0.40)).
To obtain (4.0.41]), simply replace g with g in the identity (4.0.40)) and use property (2.0.19g]).

O

The next theorem is central to Fourier analysis. It shows that the operators A and V are inverses
of each other whenever f and f are nice functions.

Theorem 4.1 (Fourier inversion theorem). Suppose that f : R™ — C is a continuous function,
that f € L', and that f € L'. Then

(4.0.43) =) =r
That is, the operators \ and V are inverses of each other.

Proof. We first note that

P def —2miy-€ n mix-§ n
(4.0.44) DY@ [ { [ wermeayfena
n Rn
Note that the integral in (4.0.44)) is not absolutely convergent when viewed as a function of (y,§) €

R"™ x R™. Thus, our proof of (4.0.43) will involve a slightly delicate limiting procedure that makes
use of the auxiliary function

(4.0.45) o(t, &) L exp(—mt2|€|? + 2mi€ - z).
Note that (2.0.19b)) and Proposition together imply that

def

(4.0.46) dy) =t "exp(—7|z —y[*/t?) S T(t,x —y),
where
(4.0.47) T(t:y) &t mexp(—nly|2/t2).

Also note that ['(¢,y) is just the fundamental solution of the heat equation with diffusion constant
D= ﬁ. In particular, we previously showed in our study of the heat equation that

(4.0.48) / T(t,y)d"y =1

for all t > 0. We now compute that
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(4.0.49) (T(t, ) * f) () & / C(t e — ) fy) dy

n

= [ o(t.y)f(y)d"y

R

= | otOf©d

= [ exp(-rtleP)f©expiznic )

During our study of the heat equation, we showed that the left-hand side of (4.0.49) converges to
f(z) as t | 0. To complete the proof of the theorem, it remains to show that the right-hand side
converges to

(4.0.50) F(©)exp(2mi€ - ) d"€ & (f)"(x) & (f)N~x)

Rn
as t | 0. To this end, given any number € > 0, choose a ball Bg of radius R centered at the origin
such that

(4.0.51) /B F(O)]dme < e.

i
Above, Bf, denotes the complement of the ball. It is possible to choose such a ball since f € L%
We then estimate

(4.0.52)

[ expl=riePyfempizric - ) ¢ - £

def

[ expl=rtlet)f©expizric o) ae — [ fie)expianic ) dve
< [ Jexp(-ntlgf) 1] )l ¢
R

<1

< max [exp(—mtg[*) — 1] [ [f(€)|d"¢+ / exp(—mi2[¢f?) — 1] |/(&)| d"¢
€EDR B

Br %

< e exp(-t€) ~ 1[[fl + [ 1F(©)l "¢

c

R

< 21612y — 11 f )
< maexp(—rt?l€f?) 1] +

As t | 0, the first term on the right-hand side of (4.0.52) converges to 0. In particular, if ¢ is
4.0.52))

sufficiently small, then the right-hand side of ( will be no larger than 2e. Since this holds
for any € > 0, we have thus shown that the right-hand side of (4.0.49)) converges to the expression

(4.0.50)) as t | 0, i.e., that it converges to (f)v(:v) Since, as we have previously noted, the left-hand

side of ([£.0.49) converges to f(z) as ¢ | 0, we have thus shown that (f)Y(z) = f(x).
It can similarly be shown that (f¥)"(x) = f(x). This completes the proof of (4.0.43).
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O

The next theorem plays a central role in many areas of PDE and analysis. It shows that the
Fourier transform preserves the L? norm of functions.

Theorem 4.2 (The Plancherel theorem). Suppose that f,g: R" — C are continuous functions,
that f,g € L* N L?, and that f,g € L*. Then f,§ € L?, and

(4.0.53) (f.9)=(f.9).

i.e., the Fourier transform preserves the L* inner product. In particular, by setting f = g, it follows
Y

from (4.0.53)) that

(4.0.54) 1£llz2 = 11F1]22-
Proof. By applying (4.0.41)) with g replaced by g, we have that

(4.0.55) (£,9) = (£,(@")-
By the Fourier inversion theorem (i.e. Theorem [4.1)), we have that (§)” = g, and so the right-hand
side of (4.0.55]) is equal to

(4.0.56) (f.9).
We have thus shown (4.0.53]).
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