18.156 Lecture Notes
March 30, 2015

trans. Jane Wang

Today, we're starting the second unit in this course, which will be Fourier analysis. As an example
of how Fourier analysis can be used to solve problems that a priori don’t seem to be related to
Fourier analysis, let us consider the Gauss circle problem. This problem asks us to estimate
how many integer lattice points there are in a disk of radius R in R?. More formally, let

N(R) := #{(z,y) : 7,y € Z, (x,y) € BR}.

Then, a reasonable estimate for N(R) is mR?, the area of the circle of radius R. The error of this
estimate is

E(R) := N(R) — nR?
and what we are interested in is a bound for |E(R)|.
First, let us show that we can find some bound for |E(R)|.

Proposition 1. |E(R)| < 100R.

Proof. For every v € Z2, let Q,, be the unit squre in R? centered at v.
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Now,
N(R) = 22 X8R (V)
TR* = ;: Area(Qy N Bg)
E(R) = 11}\67?1%) — 7R =Y (xBp(v) — Area(Qu N Br)).

vEZ?


sran11
Line


But then,
IE(R)| < #{v: QuNdBr # 0} < #{v: Q, C Brys\Br_s}.
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But we could also have cancellation of overestimates and underestimates so it is reasonable to
expect that we could get better than a linear bound. For example, in the following picture, the
contribution to E(R) from the shaded box is positive while the contribution from the unshaded
boxes is negative. Perhaps we could exploit this cancellation.

To get some idea of what bounds on |E(R)| we might expect to be possible, let us consider a random
model. In this random model, z; € [0, 1] are uniformly distributed and independent, j = 1,2,..., N
(N ~ R). This represents the contribution to E(R) of each lattice point where the contribution is
nonzero (the points in a distance v/2/2 neighborhood of the circle of radius R).

Proposition 2. E| Zﬁvzl zj| < CNYV2,

Proof.
N 2 1/2
LHS = N Z:cj dz < ][ ij dzx

1/2

= E :][lesz dx
J1,J2
1/2

N
= Z][|:Ej|2dx < N2,
j=1

Here, we're using Cauchy Schwarz in the first line and the orthogonality of the x; to get the third
line. O

The conjecture then is that for all € > 0, there exists C¢ such that |[E(R)| < C.-R2¢. What we will
prove using tools from Fourier analysis is the following estimate, which is attributed to Sierpinski:



Theorem 3.
|E(R)| < R*/*.

The best current bound of the form |E(R)| < R¢ is for ¢ = 131/208 = 0.63, proven by Huxley in
the early 2000s.
Let us now discuss the Fourier analysis setup in preparation for proving theorem 3. Let

f= XB%-

And for any g € L'(RY), define the periodization

Pg(z) =Y glz+v).

veZd

Then, N(R) = Pf(0). If g is a Z¢ periodic function on R?, then

i = [ gy da
[0,1]¢

We claim now that mR2 = Pf(0). This is a result of the Poisson summation formula:

Theorem 4 (Poisson summation formula). If f € L'(R%),n € Z¢, then

~

Pf(n) = fm) = | fla)e " da.

Proof. We have that
Pf(n) = / Pf(z)e?™m2 dy
[0,1)¢

— /[0 o Z flz+ v)e_%mm dzx
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= fx+v)e 2™ dg
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since n € Z¢. So combining the sum and the integral, we have that

Pfm) = [ f@)e " dr = fn).



Let us do some wishful thinking now. We could wish that
Pf(x) = Y Primerine.
nez?
(But this does not converge pointwise). Then,

N(R) = Pf(0) =nR>+ > Pf(n)
n#0

and

E(R) < Y [Pf(n).

nez2\{0}
Here, we could with that this is < C'CR%Jr6 (but unfortunately this sum happens to be infinite).

This leads us to the question of when does a Fourier series converge. We can begin to answer this
through the following sequence of three theorems, with the first leading to the second leading to
the third.

Theorem 5. If g € L?([0,1]9), then Sng — g in L?([0,1]%). Here,
Sn(g) =Y gn)e’mne.

In|<N
Theorem 6. If g is C* on R? and Z% periodic, and k > n, then Sxg — g uniformly on C°.
Theorem 7. If Y, |4(n)| < co,g € C°, then Syg — g uniformy in C°.

We also have the following question: how can we estimate |g(n)|?
Proposition 8. If g is Z% periodic, ||g||cx < B, then
§(n)| < C(d,k)B - |n] 7"

Proof. We'll integrate by parts k times. For a fixed n, we'll integrate in z; where j is chosen so
that |nj| < 3|n|. Doing this, we see that

/ g(x)e—Zﬂ'in-m dx
[0,1]¢
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As a related question, we might ask if we could have a bound like |§(n)] < Bln|™® if g € C?.
Unfortunately, integration by parts doesn’t work as well here, but we could use another method.
Let us define gp,(z) := g(x — h). Then, |g(x) — gn(z)| < h®. So,
90) — gulm)| = [ (€727 = e 2 g 0) o
= (1) g(n).

But we also have the bound that

19(n) — gn(n)| < /[0 y lg(z) — g(x + h)| dz < h?.

Combining these, we have that
§(n)] < |1 — e 2R ine,
and we can optimize our choice of h to get the bounds that we want.

Perhaps we’re not satisfied by the integration by parts proof of the previous proposition and want a
way of visualizing why smoothness of the function g would lead to decay of the Fourier coefficients
g(n). Let us consider a smooth, slowly varying function ¢ in one dimension and a large n. Then,
just looking at the real part for visualization purposes, Re(g(z)e~27"*) looks like a scaled cosine
function with some error. The “positive” and “negative” bumps then almost cancel and we would
expect more cancellation for larger n.

More formually, let us subdivide [0, 1] into intervals I; of length 1/n. Then,

1
/ g(x)ef%rin-x dx

0

= Z/I(g(x) - g(a:j))eﬂ”m'x dx

=% [ lot@) - gt da,

and if n is larger, then we can bound |g(z) — g(z;)| better.

Our next goal will be to estimate |Pf(n)|. Let us do the first step now. For f = XBp>

/ 6727rm-:1: dx
Br

and by rotational invariance, we then have that

|Pf(n)| =

R
= ‘/ 24/ R?2 — 33%6_2”“”'“ dxy
—-R
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