18.156 Lecture Notes
April 17, 2015

trans. Jane Wang

Today, we’ll finish up the proof of the Calderon-Zygmund theorem and see some examples.

Part I'V: Duality. Recall that we have already proven CZ for 1 < p < 2. Now, let p be such that
2 < p < oo and let p’ be the dual exponent (so 1 < p < 2). Then, we have that
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—sup [ 7o) [ Ko~ y)gta) dody
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< | fllp - sup [Tl 1
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by CZ for p’. We note here that K (x) is defined as K(—x) and Tg = g * K. This completes the
proof the the Calderon-Zygmund theorem.

Let us look at an application of CZ now. Suppose that f; : R4 — C,
supp fr C A = {w : 2871 < Jw| < 281},
and f =Y fr. We'll call this condition (*).
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The intuition here is that the fj should be almost independent. That is, knowing that fi(z) € [a, b]
shouldn’t tell you that much about the value of fy(x) for £ # k. If the fi were indeed independent,

then 12
‘Z fk‘ ~ (Z |fk\2>

with high probability in x. The next theorem says that our intuition is pretty much what happens.

Theorem 1 (Littlewood-Paley). If (*) holds, then

Il ~ (1)

(up to a factor C(p,d)).

What we’ll prove today is the < in the above theorem. Define
Trg = (Yrg)".

Here, 1, is a bump function where 1, = 1 on Ay, and is supported on A;, := {w : 28-2 < |w| <
2F+21 We also want 13, as smooth as possible, and we can show that we can construct v, so that
[Ur| < 1,100 < 27F, 0% < 272F, and so on. We note that T}, f, = fr.

Now, we define § = (...,9-1,90,91,...) and fg: > & Tkgi- Note here that ff: f. Then,

1/2
g(z)| = (Z ng(:ﬂ)l2>
k

1/2
19ll» = (Z \gkl2> = RHS of L-P.
k

p

and

—

Theorem 2. ||Tg||p S gl for all 1 < p < oo implies the previous theorem (by taking § = f).

Notice that Tygx = gi, * ¢ and
G5+ = [ 5w e - dy—/ng ) (@ — y) dy.

In Calderon-Zygmund, our f and K were scalar valued. Now, we have that g, K are vector valued
in ¢2. But this turns out not to be an issue since the proof of Calderon-Zygmund applies almost
verbatim for vector valued functions.

So to be able to apply Calderon-Zygmund, we need to theck three things:



(1) (S [y @A) < [
(i) (S 0wy (@) < [a] =4

(i) [[7gll2 < ll]l2
Proof. Let’s prove each of the three statements above.

(1) We have that [¢) (z)| < |[¢bg|lp1 ~ 2% and 1) (x)] ~ 2% for |z| < 27F. Tt also decals rapidly
when |z| > 27% by smoothness (which we can prove by integration by parts). So we have
that

Y(z)]? < 229k 4 rapidly decreasing terms < |z| =24,
k ~Y ~J
k

|| <27 *

Now, we get the bound we want by taking square roots.

ii) We have that [0y (z)| = |(2miwyy)Y (z)]. Now, |wiyr| < 2% and |0(wyr)| < 1,... so
ke
oY (z)| < 2K@+D) on |z| < 27F and is rapidly decaying for |z| > 27%. Therefore, we
k ~ ~
have that

Z oy ()2 < Z 926(d+1) 4 rapidly decreasing terms < 2724+,
k

|lz|$2F
Again, we can take square roots to get that bound that we want.

(iii) We have that

1712 = 1S gn = ) I = HZwk-gkn%:/\mer?.

Note now that for all w, there are < 4 nonzero terms in the above sum. So we have that
179185 [ Slnan? <X 10 = [ Slal =198
k k k

Taking square roots give us the bound that we want.

From this lemma and the Calderon-Zygmund theorem, we have the Littlewood-Paley theorem.
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