Lecture Notes for LG’s Diff. Analysis

trans. Paul Gallagher

Feb. 23, 2015

1 The Sobolev Inequality

Suppose that u € C}(R"). Clearly, if Vu = 0, then u = 0. So, we can ask if
Vu is “small”, does this imply that u is small?

Question 1. If u € C}(R") and [ |Vu| = 1, is there a bound for sup |u|?

Answer 1. If n = 1, then this is true by the Fundamental theorem of
calculus.

If n > 1, then we have the following scaling example: Let n € C! be a fixed
smooth bump function. Define ny(z) = n(x/A). Then sup(n,) = sup(n), and

[ 19mide =27t [ 1Fn) /N ide =21 [ vg] = a0

Therefore, we can make the L' norm of the derivative as small as we like,
while keeping the L> norm of the function large.

Theorem 1.1 (Sobolev Inequality). If u € C:(R") then [jul|, o, <|[[VulL:.

Remark 1.1. Note that this will not hold true for p # —2=. To see this,

n—1
suppose that we have ||ul|z» < ||Vul|zr. As in the scaling example, pick 1 a

smooth bump function, and define 7, as before. Then



/ymp - A”/npdx < (/\Vn\dx)p
_ ()\‘" / \(Vn)(m/)\)|dx)p
= \" ()\‘"“ / |vm|dg;>p
= \nt=mp ( / vam)p

Thus, if p # n/(n—1), we can make the right hand side very small simply
by making A either large or small.

Before we prove the Sobolev Inequality, we’ll prove a slightly easier prob-
lem:

Lemma 1.1. Let v € C}(R"), U = {Ju| > 1} and m; : R® — z;. Then
Vol 1(m,(U)) < [ IVl

Proof. WLOG, assume j = n. Then

Vol(m;(U)) < / max |u(xy, -+, x,)|dey - - dr,

Rn—1 Tn

< / / |Opu(zy, -+ xy)|depdry - - - day,
Rn-1 JR

< |Vu|

Rn
O
Then we can use the Loomis-Whitney theorem which we proved in the
homework:

Theorem 1.2 (Loomis-Whitney). If U C R" is open, and |r;(U)| < A for
all j, then |U| < A™/(n=1),



Proof of Sobolev dimension 2. Define
uy(xe) = / |Oyu(xy, x9)|day
U2($1> :/‘82u(x17x2)|dx2

Then |u(x1,x2)| < u;(z;). Therefore,

/u2 < /ul(xg)UQ(xl)dxlde _ </u1dx2> (/de) < (/ywy)Q

]

With this in hand, we can move on to the proof of the Sobolev by induc-
tion.

Proof of General Sobolev. Define
Un (21, Tn1) z/lﬁnu(xl,m , Tp)|dy,
Then |u| < up. and [o, 3 un < fg. [Vul.

We will proceed by induction.

e < ( / |u|u;/<”—1>dx1---dxn_1) iz,
R R \JRn-!
- n=2 1/(n—1)
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