Course 18.327 and 1.130
Wavelets and Filter Banks

Mallat pyramid algorithm

Pyramid Algorithm for Computing
Wavelet Coefficients

Goal: Given the series expansion for a function fi(t) in V;

O = 2 afklg®)

how do we find the series
fialt) = Ek: a1 [K] 01 k(1)

in V;; and the series
g;4(t) = %bj—l[k]wj—l,k(t)

in W, such that
fi() = f) +g;..(t) ?




Example: suppose that ¢(t) = box on [0,1]. Then
functions in V, can be written either as a combination of

L o(2t) o(2t-1)
0 % ’ 0' % 1 '
or as a combination of
o(t) o(t-1)
1 1
0 1 ’ 0' 1 2
3
plus a combination of
1 w(t) 1 w(t-1)
0 1 ! ol 1 2
Easy to see because o(2t) = Y o(t) + w(t)]
o2t -1) =

Vo[ o(t) - w(t)]




e Suppose that f(t) is a function in L2(R). What are the
coefficients, a[k], of the projection of f(t) on to V;?
Call the projection fi(t),

(0 = 2 alklo

aj[k] must minimize the distance between f(t) and f(t)

oo

Bzz[k] ;,[, {f() - fj(t)}z dt =0

[2{f) - Tafllo, O} 0,0t = 0 | 1)
alk] = Jf)e,(dt
)

« How does ¢, (t) relate to ¢, (t), wj.qx(t)?

o(t) = 2220 hol£10(2t - £) refinement equation
By k(t) = 20072 ¢(2-1t-k)
= 20-D2, 2§Oho[f]¢ (2it — 2k- ¥)
O k(t) = \Egpo[f] 2k + o(t)

Similarly, using the wavelet equation, we have

Weas®) = VZENA 50, 0




Multiresolution decomposition equations

T 00,100 dt

a 4[N

V2 2 holf] 100+ (0) it

= \2 Z hy[4] a[2n + 4]
L
So

a4[n] =2 % holk-2n]a[k]

— Convolution with hy[-n] followed by downsampling

Similarly -
bj[n] :_l f(t) wipq(t) dt

which leads to

bi4[n] = «/§§ hy[k — 2n] a[K]




Multiresolution reconstruction equation

Start with
i) = fi () + 9,40

Multiply by ¢; ,(t) and integrate
T 0,00 dt = T6,,00,,00dt + ] g, 00,,0) dt

So -
3] = T a(kl [ 6140 4,0 dt +

3 bj[K] [ Wi 0) 6,00 dt

10140 0,00 4t = VZZN[A] (0,200 9,0
= V2 X hy[£] 8[2k + £ - n]
£

= 2 hy[n - 2K]

Similarly .,
w06 0(t) dt = N2 hy[n —2K]

Result:

an] = \2 % a1[K]ho[n - 2k] +

«/Eg bi1[klh[n — 2K]
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Filter Bank Representation

Voot 2 |2l [, L)

&l

\Eho[n]
: a[n]
Analysis : Synthesis S —
~ 1 b 1[n]
\/Ehl[n] _uﬂ 2 : ] T2 V:n \léhl[n]

F‘o[”] = hy[-n] time r.eversal
hyn] = hy[-n]
Verify that filter bank implements MRA equations:
ugln] = «/§§ holn - Kla[K]
= 2 % holk — nlay[k]
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a;4[n] = ug[2n] downsample by 2

V2 3 holk — 2n]a[K]

b;.a[n] = u1[2kn]

\2 T hyfk - 2n]ak]

an] = \2 S holn - Avol4] + VE; hy[n - £]v,[4]

a,.4[0] aj.4[1] VoIn]

a [4/2] 5 £ even I I
Vol = 0 : otherwise

-1 01 2 n
So upsample by 2

an] = «IEEVBH holn - £a,4[£/2] + N2 T hy[n - £]b,4[¢/2]

= xlig holn —2K]ay y[K] + «E% hy[n — 2K]b, 4[K]
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