Course 18.327 and 1.130
Wavelets and Filter Banks

Accuracy of wavelet approximations
(Condition A); vanishing moments;
polynomial cancellation in filter banks

Accuracy of Wavelet Approximations

Biorthogonal case:
8(t) = 25 h[-n]§(2t - n) 6(t) = 23 fo[nlo(2t - n)
W(t) = 2X h([-nJo(2t—n)  w(t) = 23 f,[n]¢(2t - n)
Biorthogor:ality means "
_jq)(t) o(t—n)dt = 5[n] _Iw(t) w(t—n)dt = 3[n]

Jot Wie—nyat = o Twit) 5t —n)dt = 0




Suppose that F,(z) has p zeros atz = -1

H.(z) = Fy(-2) — p zeros at z

i.e.

]
-

2 H(2) /.4 =0 fore=0,1,2,..p-1
Hi(2) [.-1 = Shilnlz"|,.; = Zhyln]

ZH@|.2q = TEnhyinlz™ o4 = -Znhy[n]

ZHi@ .1 = Z(n)n-hyIn]zn2|,; = ¥ n2hy[n]

+ 2 nhy[n]
etc. n
So

>nfhyn] =0 forv =0,1,2,...,p-1

Consider the moments of the analysis wavelet:

_;J?tf VTI(t)dt = 2; h1[-n]-ztl $(2t — n) dt

= 25 hy[n] [ (%) fo)dvi2

1 TE T
2!% h1[-n]-<!°iz=o( i)t ! ¢(t)dt

L3 () hy[n] n)(-1)i J 4 §(e)d
2li=0i = Tl - _wT ¢(tr)dt
]

0
if0<i<p

So the analysis wavelet has p vanishing moments:

Jtiw(t)dt = 0 fore =0,1,2,...,p-1




What do vanishing moments mean? p-1
Try expanding the polynomial 2ottina
wavelet basis: =0
p-1
P(t) = X ot = X cpy do(t) + 2 2 d; w; ()
=0 k 0% P!

Then © o "
dyy = JP(t)W;, (t) dt = X 0,202 [ taw(2it - K) dit
® ’ £=0 e

=0

i.e.| polynomials of degree p — 1 can be expressed as
a linear combination of scaling functions:

p-1
2 ott = cho,k ¢(t — k) for some ¢,
¢=0

Example (orthogonal wavelets)

f(it) = t¢
fo(t) = Zao[k] d(t —k) eV, ; alk] = I t%(t—k) dt
go(t) = Zbo[k] w(t — k) eW, ; by[k] = I tiw(t — k) dt

Suppose that ¢(t) comes from a spline of degree p — 1
(hg[n] has p zeros at ©t) with p—1 > ¢.
Then we can write
= % a[k] ¢(t - k)
The expansion coefficients are easily found since
¢(t — k) are orthonormal:
a[k] =_jtf o(t — k) dt




Also, since V; h_W,, we have

0

Jtw(t—n)dt = Ekla[k]_I¢(t— k) w(t - n)dt = 0

— vanishing moment property
So we have

f,(t) = t

dolt) = 0
Vi = V;OW; = fi(t) = fi(t) + gy(t)
fO) = fot) + golt) = ¢

All f(t) are the same as f{(t)!

Polynomial Data

Suppose x[n] = 1 for n >0 (unit step).
X(z) = i zn

n=0

%X(z) = -i nz-"-1
n=0
2 X(@) = 3 n(n+ 1)z
n=

L X(@) = (-1)kn§)n(n +1)...(n +k - 1)z




But we know that

X(z) = 5 s |z|>1
So
d _ 22
=X@) = Gy
2z-3

& =
dz2 X(Z) = (1-z13

dk _ (H)K!
az X(z) = (1 -z

So if
x[n] = nin+1)(n+2)...(n+p-2) ; n>0

J

v

polynomial of degree p — 1

then

X(z) = 15—‘;'1—;3 ;|z|>1
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Polynomial Data and Condition A,

vo[n]
x[n][>Ho(2) > Y2 = vilnl
e
v,[n]
H,(2) > 12— y4[n]

Consider Daubechies’ filters
Ho(z) = (1 +27)P Q(2)

Hi(z) = -z Ho(-z)
(1-z'PR@  ; R@ = ()zVea(z)

Suppose that the input data is a polynomial of degree p-1
p-1

x[n] = X a[k] S,[n—k] combination of shifts of S [n]
k=0

p zeros atz = -1

where
SpIn] = nin+1)(n+2)...(n+p-2) forn>0

1

z-transform is

p-1 —K(- —1
X(z) = ¥ alk] F{2ke—

1)z
(p-1)! 7' A(2) ; |Z|>1

= T a-zp

Lowpass channel:
_ _ )z Aiz)(1 + )P Q
Vi(z) = Ho(2) X(z) = (B2 (1(i)(z—1)pz e

So
vo[n] is a polynomial of degree p - 1.

Yo[n] = vq[2n]
Yo[n] is a polynomial of degree p - 1.
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Highpass channel:
Vi2) = Hi(2) X(z) =

= (p-1)! z1A(2)R(z)

So v,[n] has finite length (even though x[n] has

infinite length.)

yi[n] = v4[2n]
= Yy,[n] has finite length

i.e.

y4[n] = 0, except for startup/boundary effects.
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