Course 18.327 and 1.130
Wavelets and Filter Banks

Wavelets and subdivision: nonuniform
grids; multiresolution for triangular
meshes; representation and
compression of surfaces.

Wavelets on Surfaces in R3

Construction by Schroder and Sweldens

* uses lifting
» scaling functions are interpolating in most

straightforward case
 typically work with triangular mesh generated by

subdivision

kj_ K(J) = {k, kl’ k2, k3, k4, k5, k6’ ...}

/nk /nl\ M@) = {m,, m,, m;, m,, mg, Mg, ...}




Notation:
K(j) = all vertices at resolution j
K( +1) = all vertices at resolution j +1
M(j) = vertices obtained by subdividing the resolution

j mesh to produce the resolution j + 1 mesh
So

KG+1) = K@ \ M()

Interpolating property means that scalings functions
satisfy

1ifx = x ke K()
¢j,k(ﬁ) :{ _ .
0 ifX = X k’e K(j)

kK"# K

X = position vector of a point on S.

Simple interpolating scaling function: hat function

Ok (X) _ . ,
; : Scaling functions at level |
Ko\ A are all located at vertices in K(j)

k;‘ k3
Refinement equation
m
O X)) = O X)) + %rrgm(l)jﬂ,m(i)
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In general, interpolating scaling functions will satisfy a

refinement equation of the form

O kX)) = X)) + 2 hg[k,m]q)m,m(l)

men(j,k)




n(j,k) = vertices in the neighborhood of vertex k that
contribute to the refinement equation.
Because of interpolating property, n(j,k) can
only consist of vertices in M(j).
How to construct the wavelet?
Start with

Wim®X) = 0.1m(X)  Wavelets at level j are all
located at vertices in M(j)

Then use the lifting idea to impose vanishing moment.
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Consider a wavelet of the form

WimX) = QurmX) - oy (X) - oy, (X)
For the zerot moment to vanish

0 = ljgm -0 lj, - Oljy,

where

lik = SI ¢j,k(&)ds




To satisfy vanishing moment condition, choose
o = Ijﬂ‘mIZIjvki i=1,2
So the wavelet equation can be written as

Win®) = 4im(0) - Z )h"l[k,m]¢,-,k(5)

eA(j,m

with
A(j,m) = two immediate neighbors in K(j)
hilkm] = 1 m/21;,

Wavelets on Surfaces in R3 k1

k6
Synthesis scaling function \mG /ml
- j k
000 = Qi) + 2 holkmlds () 4 _ms_><_m2_ .
m4
/ ™3\

k4 k3

Linear interpolating functions:
j - 3 i
ho[k’m] — { Y2 men(j,k)

0 otherwise

ng,k) = {my, my, mg, my, mg, me}
Synthesis wavelet _
W) = GuymX) - X hilk,m] ¢, () k\ m /

N




What are the analysis functions?

Use alternating signs condition to get analysis filters,
e.g. 1D interpolating filter

If Fo(z) = 11(_ {-z3+ 0022 + 92 + 16 + 971 + Qez2 — 73}
then Hy(z) = Fy(-2) = {z3 +0.22-92+16-9z21+0.z2 + 23
=Change signs of all coefficients except center

So the analysis functions turn out to be
040 = 01,00 + X Mlk MW () aGk)=(m:keAG.m))
Win() = G m) - 2, holk.mldy1 ) NG.m)=kimen( k)

Exercise: verify that ¢, (X), W ;(X), ¢, (X), W; n(X)
are biorthogonal.

Equations for the DWT:

Analysis (from analysis wavelet, refinement equations)
dim] = cifm] - % )hjo[k,m]ciﬂ[k] predict
eN(,m) - .
cilk] = ci*lk] + X hi[k,m] di[m] update

(i.k)

mea

Synthesis (invert the lifting operations)
ci[k] = ci[k] -X  hi[k,m]di[m]
mea(j,k) _
c*m] = diim] + ¥ h{[k,m]ci*[K]
keN(,m)

Armplitude

e.g.




Cubic Interpolating Scaling Function

o(x) = %ho[k]‘b(ZX—k) holK] T AT
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Butterfly Subdivision

XX

Also an interpolating function
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Loop Subdivision

Not an interpolating function
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Initial mesh Buterfly scheme imerpolation Modified Butterfly interpolation

From: Zorin, Schroder and Sweldens, Interpolating subdivision for meshes with arbitrary topology,
proceedings SIGGRAPH 1996.
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