Course 18.327 and 1.130
Wavelets and Filter Banks

Modulation and Polyphase
Representations:
Noble Identities;

Block Toeplitz Matrices
and Block z-transforms;
Polyphase Examples

Modulation Matrix

Matrix form of PR conditions:

Hi(z) Hy(-2)
—

Modulation matrix, H,(z)

[Fo (2) F,(2)] [Ho(z) Ho(-z)} =[2z2 0]

[Fo(z) Fi(2)] = [227* 0] H 7'(2)

Ha'(2) = 3 | Hi(2) Ho(-2)
-Hi(z) Hy(2)

A= Hy(z) Hy(-2) - Hy (-2z) H, (z) (must be non-zero)




1
= Fo(2) = A 2zt H(-2)
Require these
F,(z) = - 2z Hy(-2) to be FIR

Suppose we choose A =2z -¢

Then
Fo(z) = Hy(-2) }
F1(z) = -Ho(-2)

Synthesis modulation matrix:

Complete the second row of matrix PR conditions
by replacing z with —z:

Fo(z) F4(z) | [Ho(z) Ho(-2) zt 0
= 2

Fo(-z) Fi(-2)] LH4(z) Hq(-2) 0 (2)¢

%,_J

Synthesis

modulation

matrix, F(z)

Note the transpose convention in F(z).




Noble Identities

1. Consider

unl [, ] yinl

LG

U(z) = H(z9)X(2)

Y(z) =% {U(z ") + U(-z %)} (downsampling)
=% {H (2) X (z*) +H(z) X (-z*)}
=H(z)*2{X(z") + X (-z )} = can downsample

first
First Noble identity:
L ey R I e I AL
2. Consider
x[n] u[n] y[n]

— ——|H(2) T2

U(z) = H(z) X(2)
Y(z) = U(z?) (upsampling)
= H(z2?) X(z3) = can upsample first

Second Noble Identity:

i 12 | H(z2)—y[ﬂ M Hz) [ 4 T2

B




Derivation of Polyphase Form

1. Filtering and downsampling:
x[n] yin]

s Hebd 2

H(Z) = Heven(zz) + z Hodd(zz); heven[n] = h[zn]
hogaln] = h[2n+1]
—H 2\
x[n] ‘ even(Z?) (L P yn]
z! _Hodd(zz)_ -
Heven(zz)_ ] J'z [ T
x[n] y[n]
—_ ] &>—
z Hoaa(22)— 12

{5 |Xovenll |

— Heven(z) [
Ao Ly

xodd[n-1] H dd(z) I J

Polyphase
Form

21— ] 42




2. Upsampling and filtering

@_ 2 - F(z) yind

F(2) = Foyen(2?) + 2" Foyq (22)

even(

] Feven(zz) -
Anl _{ & yinl
|Fodd(zz) — —z1

] TZ [ Feven(zz) [ ]

x[n] y[n]

—_ @ A N
—{ T2 Foaa(Z)— — 2

YevenlN]

x[n] ] Feven(z) 1 TZ — | n

Xl & YNl
— Foaa(2) yOdd[n]— T2 21

Polyphase
Form
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Polyphase Matrix

Consider the matrix corresponding to the analysis
filter bank in interleaved form. This is a block
Toeplitz matrix:

.| hol3] hol2] [h[1] hy0]| © O
h,[3] h,[2] [h4[1] h4[0]| O O

0 0 |h[3] hl2] | ho[1] ho[0]
0 0 |h[3] hy[2] | hy[1] hyf0]

4-tap Example

1

Taking block z-transform we get:
Hy(2) = |:h0[0] hol11 | , 1 | hol2] hy[3]
h,[0] hy[1] h,[2] h,[3]

- [10[01 +z1hg[2]  ho[1] + 2 ho[3]}
hy[0] + z' hg[2]  hy[1] + 2 hy[3]

= HO,even (Z) HO,odd (Z)
H1,even (Z) H1,odd (Z)

This is the polyphase matrix for a 2-channel filter bank.
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Similarly, for the synthesis filter bank:

fo[0] £[0]
fol11 £4[1]

0 0
0 0

fol2] f4[2]
fo[31 f4[3]

fo[0] £[0]
fol11 £4[1]

0 0
0 0

fol2] £4[2]
fol31 4[3]

13

F.(2) E@1mm]+

| fo[1] f4[1]

* Perfect reconstruction condition in polyphase domain:
F.(2) H,(2) =1 (centered form)

This means that H (z) must be invertible for all z on the

unit circle, i.e.

det H,(e'?) = 0 for all frequencies o.

ﬂpﬂﬁﬂq
f[31 f,[3]

- I:O,even [Z] I:1,even [Z]

|:o, odd [2] F1,odd [Z]:|

Note transpose
convention for
synthesis
polyphase matrix
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* Given that the analysis filters are FIR, the
requirement for the synthesis filters to be also
FIR is:

det H,(z) =z* (simple delay)
because H,"(z) must be a polynomial.

+ Condition for orthogonality: F (z) is the transpose
of H,(2), i.e.
H,7(z") H,(2) =1
i.e. H,(z) should be paraunitary.
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Relationship between Modulation
and Polyphase Matrices
hO,even[n] = hO[zn]
Ho(2) = Hg even(2?) + 2" Hy 544(2?) ;
hg oaalN] = ho[2n+1]
H1(Z) = H1,even(zz) + Z-1 H1,odd(zz)
Two more equations by replacing z with -z.
So in matrix form:
HO(Z) HO('Z) _ HO,even(zz) Ho,odd(zz) 1 1
H1(z) H1(-Z) B H1,even(zz) H1,odd(zz) z1 -z1
H_J

\ J
Vv

H(2) H,(2?)
Modulation matrix Polyphase matrix
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But

ER RSt

Delay Matrix 2-point DFT Matrix

D,(z) F,
(11 1 ...1
1 w w2 .., wh
FN=]1 w2 wt ... wanN

1 wN-1 W2(N-1) y(N-1)?

Fr:l1 = FN

z|-\

; W=e x N-point DFT

Matrix

4_Complex conjugate: replace w with w = e- &

17

So, in general

Ho(2) FY = Hy(@") Dy(2)

N = # of channels in filterbank
(N =2 in our example)
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Polyphase Matrix

Example: Daubechies 4-tap filter

33 h,[3] = 1-43

143 _3+13 ho[2] = - =&

h[0] “aa ho[1] o

Hy(z) = ;5 {1+ ¥B) + (34 V8) 21+ (3-V3) 22+ (1-3) 29}
H,(z) = %{(1 -\3) = (3 -V3) 1 + (3 + \B)z2 — (1 + \3)z%)

19

Time domain:
ho[0]2 + hy[1]2 + hg[2]2 + hy[3]2 = 1{(4 + 2V3) + (12 + 6 \3) +
(12 -6 3) + (4 -2+3)}
=1
L {(243) + (-2\3)}

ho[0] ho[2] + hg[1] ho[3]

=0

i.e. filter is orthogonal to its double shifts




Polyphase Domain:
Hooenl?) = 5o {(1+33)+(3- ¥3) 27)

Hooaol@) = 75 {3+ 3)+ (1-43) 27)

Hioenl?) = 75{(1-13) + (3 +3) 27)

Hicad®) = Jlo(-(3-V3)-(1+3) 27}

1+43 3+1+3 . 3-3 1-+3

-1
Hp(Z)—4\/_2 +4_\/i B
1-V3 -(3-3) 3+V3 -(1+3

z

J

Y A4
A B 21

H,(z)=A +B 2"

H,T(z"") Hy(2) = (AT + BT 2)(A + Bz")
= (ATA + B'B) + ATBz"' + B'Az

arae L[1#8 18] 1 [1+43 3443
42| 3443 -(3-\3)| 412 [1-V3 ~(3-V3)

=1__(4+2«/§)+(4-2«/§) (6 +4+3) -(6-4v3)
32 _(6+4\/3)- (6 -4V3) (12 + 6+3) + (12 - 6v3)

[1/4 «/5/4}
314 %4




BB =

-h‘_‘
N
= w i

-3 3+43| 1 3.3 1.43
-V3-(1+43)[ 423 ++3 - (1+13)

g |-

(6-4\3) = (6+4V3)  (4-2V3)+(4+2\3

_ EZ «1514}
-\3i14 Va

= ATA+B™B = |

(12— 6v3) + (12 + 63) (6-4v3) - (6 + 4@)}
)

23

Ag= L 1+V3 13| 1 3-3 1-3
42 |3+3 -(3-3)[4 2|3 + 3 -(1+3)

(2V3) + (-2¥3) (-2)=(-2)
(6) - (6) (-2V3) + (2 V3)

32

=0
B'A = (A™B)T =0
So
H,"(z") Hy(z) = I

i.e. H,(2) is a Paraunitary Matrix

24
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Modulation domain:

1

Ho(z) Hyo(z?) = P(2) = 6 (-z8+9z + 16 + 921 — 23)
Ho(-2) Hy(2") =P(:2) = <& (23~ 92+ 16— 92 + 29)

So
Ho(z) Ho(z") + Hy(-2) Hy(-z") = 2

i.e.
|Hop(w)|*2 + |Hy(o + m)|"2 = 2
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Magnitude Response of Daubechies 4-tap filter.
Magnitude response of Daubechies 4-tap filter.
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Phase response of Daubechies 4-tap filter.

Frequency response phase

Phase response of Daubechies 4-tap filter.
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