
DiscreteDiscrete--time filters: convolution; time filters: convolution; 
Fourier transform; Fourier transform; lowpass lowpass and and 

highpass highpass filtersfilters
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→ →FilterFilterInputInput OutputOutput
x[n]x[n] y[n]y[n]

n denotes the time variable:  {…, n denotes the time variable:  {…, --2, 2, --1, 0, 1, 2, …}1, 0, 1, 2, …}
x[n] denotes the sequence of input values:  x[n] denotes the sequence of input values:  

{…, x[{…, x[--2], x[2], x[--1], x[0], x[1], x[2], …}1], x[0], x[1], x[2], …}
y[n] denotes the sequence of output values:y[n] denotes the sequence of output values:

{…, y[{…, y[--2], y[2], y[--1], y[0], y[1], y[2], …}1], y[0], y[1], y[2], …}

Assume that Assume that 
a)a) the principle of superposition holds the principle of superposition holds ⇔⇔ system is system is 

linear, i.e. combining any two inputs in the formlinear, i.e. combining any two inputs in the form
AxAx11[n]  +  Bx[n]  +  Bx22[n][n]

results in an output of the formresults in an output of the form
AyAy11[n]  +  By[n]  +  By22[n] [n] 
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b)b) the behavior of the system does not change withthe behavior of the system does not change with
time, i.e. a delayed version of any inputtime, i.e. a delayed version of any input

xxdd[n]  =  x[n [n]  =  x[n -- d]d]
produces an output with a corresponding delayproduces an output with a corresponding delay

yydd[n]  =  y[n [n]  =  y[n –– d]d]
Under these conditions, the system can be Under these conditions, the system can be 

characterized by its response, h[n], to a unit characterized by its response, h[n], to a unit 
impulse, impulse, δδ[n], which is applied at time n  =  0, [n], which is applied at time n  =  0, 

i.e. the particular inputi.e. the particular input
x[n]  =  x[n]  =  δδ[n][n]

produces the outputproduces the output
y[n]  =  h[n]y[n]  =  h[n]

11

LL LL
Unit Unit 
ImpulseImpulse

-- 22 -- 1   0   1   2   n1   0   1   2   n

-- 22 -- 1   0   1   2   n1   0   1   2   n
LL LL

h[h[--2]2]
h[h[--1]1]

h[0]h[0]
h[1]h[1]

h[2]h[2] ImpulseImpulse
ResponseResponse
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The general inputThe general input

x[n]  =  x[n]  =  ∑∑ x[k] x[k] δδ[n [n –– k]k]

will thus produce the outputwill thus produce the output

y[n]  = y[n]  = ∑∑ x[k]h[nx[k]h[n--k]             Convolution sumk]             Convolution sum

∞∞

k = k = --∞∞

∞∞

k = k = --∞∞
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Discrete time Fourier transformDiscrete time Fourier transform

X(X(ωω)  =  )  =  ∑∑ x[n] ex[n] e--iiωωnn

InverseInverse

x[n]  =              X(x[n]  =              X(ωω) ) eeiiωωnn ddωω

∞∞

n = n = --∞∞

11
22ππ

⌠⌠
⌡⌡

ππ

-- ππ



66

Frequency ResponseFrequency Response
Suppose that we have the particular inputSuppose that we have the particular input

x[n]  =  x[n]  =  eeiiωωnn

What is the output?What is the output? →→ →→

y[n]  =  y[n]  =  ∑∑ h[k] x [n h[k] x [n -- k]k]

= = eeiiωωn n ∑∑ h[k] eh[k] e--iiωωk k 

1424314243

eeiiωωnn H(H(ωω)) eeiiωωnn

kk

kk

H(H(ωω))
Frequency ResponseFrequency Response
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Convolution TheoremConvolution Theorem
A general inputA general input

x[n]  =            x[n]  =            X(X(ωω) ) eeiiωωn n ddωω

will thus produce the outputwill thus produce the output

y[n]  =            X(y[n]  =            X(ωω)  H()  H(ωω) ) eeiiωωn n ddωω →→ Y(Y(ωω)  =  X()  =  X(ωω) H() H(ωω))
1424314243

ConvolutionConvolution
Convolution of sequences x[n] and h[n] is denoted byConvolution of sequences x[n] and h[n] is denoted by
h[n] h[n] ∗∗ x[n]  =  x[n]  =  ∑∑ x[k] h[n x[k] h[n -- k]  =  y[n]  (say) k]  =  y[n]  (say) 

11
22ππ ⌡⌡

ππ

-- ππ

11
22ππ ⌡⌡

⌠⌠
ππ

-- ππ

⌠⌠

kk

Y(Y(ωω))
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Matrix form:Matrix form:

==

h[0] h[h[0] h[--1] h[1] h[--2]2]
h[1] h[0]  h[h[1] h[0]  h[--1]  h[1]  h[--2]2]
h[2] h[1]  h[0]   h[h[2] h[1]  h[0]   h[--1] h[1] h[--2]2]

h[2]  h[1]   h[0]  h[h[2]  h[1]   h[0]  h[--1]1]
h[2]   h[1]  h[0]h[2]   h[1]  h[0]

OO OO OO

OO

OO

OO

OO
OO

OOOO

MM
x[x[--2]2]
x[x[--1]1]
x [0]x [0]
x [1]x [1]
x[2]x[2]

MM

MM
y[y[--2]2]
y[y[--1]1]
y[0]y[0]
y[1]y[1]
y[2]y[2]

MM
14444424444431444442444443

Toeplitz Toeplitz matrixmatrix
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Convolution is the result of multiplying polynomials:Convolution is the result of multiplying polynomials:
(… + h[(… + h[--1]z + h[0] +h[1]z1]z + h[0] +h[1]z--1 1 + …) (… + x[+ …) (… + x[--1]z + x[0] + 1]z + x[0] + 
x[1]zx[1]z--11 + …)  =  (… + y[+ …)  =  (… + y[--1]z + y[0] + y[1]z1]z + y[0] + y[1]z--11 + …)+ …)

Example:Example:
3     1     3     1     --5    25    2

2      4   2      4   --11
--3    3    --1      5   1      5   --22

12   12   4   4   --20     8    020     8    0
6     2  6     2  --10     4    10     4    0    00    0
6   14  6   14  --9   9   --17    13  17    13  --22

↑↑ ↑↑ ↑↑ ↑↑ ↑↑ ↑↑
zz--55 zz--44 zz--33 zz--22 zz--11 zz00

22

00
--55
11

11

22

33

33

x[n]x[n]

00
--11

44

11

22

22

h[n]h[n]

--22
00 11

1313

22 33
--99

1414

44

66

55

y[n]y[n]

--1717
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Discrete Time FiltersDiscrete Time Filters (summary)(summary)

Discrete Time:Discrete Time:

y[n]  =  y[n]  =  ∑∑ x[k] h [nx[k] h [n--k]k] (Convolution)(Convolution)

Discrete Discrete ––time Fourier transformtime Fourier transform
X(X(ωω)  =  )  =  ∑∑ x[n] ex[n] e--iiωωnn

Frequency domain representation Frequency domain representation 
Y(Y(ωω)  =  H()  =  H(ωω) ) •• X(X(ωω)     (Convolution theorem))     (Convolution theorem)

→ →h[n]h[n]x[n]x[n] y[n]y[n]

kk

nn
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ToeplitzToeplitz Matrix representation:Matrix representation:

h[0] h[h[0] h[--1] h[1] h[--2]2]
h[1] h[0]  h[h[1] h[0]  h[--1]  h[1]  h[--2]2]
h[2] h[1]  h[0]   h[h[2] h[1]  h[0]   h[--1] h[1] h[--2]2]

h[2]  h[1] h[2]  h[1] h[0]  h[h[0]  h[--1]1]
h[2]  h[1]   h[0]h[2]  h[1]   h[0]

OO OO OO

OO

OO

OO

OO
OO

OOOO

MM
y[y[--2]2]
y[y[--1]1]
y[0]y[0]
y[1]y[1]
y[2]y[2]

MM

MM
x[x[--2]2]
x[x[--1]1]
x [0]x [0]
x [1]x [1]
x[2]x[2]

MM

==

Filter is causal if y[n] does not depend on future Filter is causal if y[n] does not depend on future 
values of x[n].values of x[n].

Causal filters have h[n]  =  0 for n Causal filters have h[n]  =  0 for n < 0.< 0.
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FiltersFilters
a)a) Lowpass Lowpass filter example:filter example:

y[n]  =  y[n]  =  ½½ x[n] + x[n] + ½½ x [nx [n--1]1]
Filter representation:Filter representation:

→ →h[n]h[n]
x[n]x[n] y[n]y[n] y[n]  =  y[n]  =  ∑∑ x[k] h [nx[k] h [n--k]k]

kk

Impulse response isImpulse response is

00 11

LL LL

½½ ½½

nn

h[n]h[n]
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Frequency Response isFrequency Response is
H(H(ωω)  =  )  =  ∑∑ h[k]eh[k]e--iiωωkk

=  =  ½½ + + ½½ ee--iiωω

Rewrite as  H(Rewrite as  H(ωω)  =  H()  =  H(ωω)  )  eeiiφφ((ωω))

H(H(ωω)  =  )  =  coscos(   /2) e(   /2) e--iiωω/2       /2       ;  ;  --ππ ≤≤ ωω ≤≤ ππ

kk

ωω
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b)b) Highpass Highpass Filter ExampleFilter Example
y[n]  =  y[n]  =  ½½ x[n]  x[n]  -- ½½ x[nx[n--1]1]

Impulse response isImpulse response is

-- ½½

nn
LL LL

½½ h[n]h[n]

00 11
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Frequency response isFrequency response is
H(H(ωω)  =  )  =  ½½ -- ½½ ee--iiωω

= i sin (= i sin (ωω/2) e/2) e--iiωω/2/2

==

1
4

2
4

3
1

4
2

4
3

sin (sin (ωω/2) e/2) e––i(i(ππ/2  +  /2  +  ωω/2)/2) ;  ;  --ππ ≤≤ ωω << 00

sin (sin (ωω/2) /2) eeii((ππ/2  /2  -- ωω/2)/2) ;  0 ;  0 << ωω ≤≤ ππ


