Course 18.327 and 1.130
Wavelets and Filter Banks

Mallat pyramid algorithm



Pyramid Algorithm for Computing
Wavelet Coefficients

Goal: Given the series expansion for a function fi(t) in V,

fi(t) = X aklg(t

how do we find the series

fia(t) = % aj_4[K1@.1 k(t)

in V;, and the series

g;.4(t) = Zk: b; 1 [K]W; 4 k(t)
in W, ; such that

fj(t) = fj-1(t) "'9,--1(t) ?



Example: suppose that @(t) = box on [0,1]. Then
functions in V, can be written either as a combination of

P(2t) o(2t-1)
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or as a combination of

Q(t) o(t-1)




plus a combination of

. w(t) 1 —1 w(t-1)

Easy to see because o(2t) = "2[p(t) + w(t)]
P2t 1) = "2[@(t) - w(t)]



- Suppose that f(t) is a function in L?(R). What are the
coefficients, a;[k], of the projection of f(t) on to V,?
Call the projection f(t),

fitt) = > a[klq(b
a;[k] must minimize the distance between f(t) and ft)

= Z{f(t)_fj(t)}z dt = 0

i[K] -

[2{60) - Zallg, ) @udt = 0 | fiy

ak] = [f(t)g (t)dt
fi(t)




* How does @ ,(t) relate to @, ,(t), w; 4 \(t)?
N
o(t) = 2 > hy[/]g(2t - 7) refinement equation
/=0
Qault) = 20072 g(2Ht-k)

N
= 2022 3 ho[/1p (2t - 2k- £)
/=

anl®) = V2 Zholf] g0 (8

/=0

Similarly, using the wavelet equation, we have

N
Wj-1,k(t) = \/2£=Zoh1[f]cﬂ,2k+e(t)




Multiresolution decomposition equations

a4In] = [ f(t)g.q (1) dt

= V2.2 hol] [ (8100 4 (1)

V2 ¥ ho[4] aj[2n + 4]
4

So

a,_4[n] = \/i% ho[k-2n]a;[k]

— Convolution with h,[-n] followed by downsampling



Similarly o
b;4[n] =_o£ f(t) w4 q(t) dt

which leads to

b;4[n] = V2’3 hy[k - 2n] aj[K]




Multiresolution reconstruction equation

Start with
fi(t) = f,(t) + g;.(t)

Multiply by @ (t) and integrate
j fi(t) §n(0) dt = _ij-1(t)<ﬁ,n(t)dt +_Z 9;.1(t)@ (1) dt

So o
aj[n] = %aj-1[k]_£° @1 k(t) @ o(t) dt +

% bj-1[k]_z w;.q k(t) @ ,(t) dt



T @alt) @ot) dit = V2 3 Nolf] [ @ 20e(8) @0(t)
= v2 Y hy[¢] 3[2k + ¢ - n]
14

= V2 hy[n - 2K]

Similarly ., -
Wi )@ () dt = V2 hy[n -2k]

Result:

a[n] = \/EZk)aH[k]ho[n - 2k] +

V2 Y by 4[k]hy[n — 2k]
k
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Filter Bank Representation

—~ u,[n] a. -n _
-b—\/Zho[n] 5112 j1£: ] 12 —@VZho[n]
a;[n] : :
> Analysis : Synthesis
_~ b. .[n v.[n]| —
>—v2h,[n] S 2 ”:[ Wiz ——N/2h,[n]

holn] = ho[-n]
hyin] = hy[-n]

time reversal

Verify that filter bank implements MRA equations:

ug[n] = \/E% holn - k]aj[K]
= \/E% holk — na;[K]



a4[n] = uy[2n] downsample by 2

V2 . hylk - 2n]a;[K]

b;4[n] = u1[2k"]

V2 % h,[k — 2n]a;[k]

an] = vi; ho[n - 2]vo[¢] + vi; WIEAA

a;4[0] a;4[1] Vo]

a [412] ; / even
Volfl = 0 : otherwise

14012 n
So upsample by 2
a[n] = \/Egz holn - £1a4[4/2] + V2 X hy[n - 7]b, ,[¢/2]

even

= V2% hq[n ~2K]ay[k] + V2 2 hy[n - 2K]b ;K]
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