Course 18.327 and 1.130
Wavelets and Filter Banks

Accuracy of wavelet approximations
(Condition A); vanishing moments;
polynomial cancellation in filter banks




Accuracy of Wavelet Approximations

Biorthogonal case:
ot) = 2 hol-nlp(2t—n)  §(t) = 2% f[n]¢(2t - n)
W(t) = 25 hy[-nlp(2t-n)  w(t) = 25 f[n]¢(2t - n)

Biorthogonality means

Jo®de-ndt = 8] fw(®) W(t—n)dt = 5n]

[4(t) w(t—n)dt = 0 _jw(t) o(t—n)dt = 0

=00
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Suppose that F,(z) has p zeros at z
H,(z) = Fy(-2) —> p zeros at z
l.e.

Z H(2)|,-=q, =0 fort=10,1,2,...,p-1

I
N

Hy(2) |..4 = Zhylnjz"|,.; = S hyln]
SH(@ .-y = Z(n)hyn}z™"[,.; = X n hy[n]

ZHi@ .4 = Z(n)(-n-1hy[n]z2],_; = T n?hy[n]

+ 2 nhy[n]
etc. n

So
2n‘hin] =0 for/ =0,1,2,...,p-1




Consider the moments of the analysis wavelet:

j t w(t)dt = 23 h1[-n]_Itf d(2t - n) dt
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if0<i<p

So the analysis wavelet has p vanishing moments:

_Oé[thV(t)dt =0 for/=0,1,2,...,p-1




What do vanishing moments mean? 0-1
Try expanding the polynomial 2o tlina
wavelet basis: =0

p-1

P(t) = 2 at’ = 2 coi g lt) + 2 2 d;  w;(t)

/=0 k ’ >0 k 7 ’

Then . o1 Oo
d; = JP(t)w,, (t) dt = go o, 212 [ t'w(2it - k) dit

=0

i.e.| polynomials of degree p — 1 can be expressed as
a linear combination of scaling functions:

p-1
2 o tt = cho,k o(t — k) for some ¢,
=0




Example (orthogonal wavelets)
f(t) = t

fot) = X aglk] 6(t— k) Vo 5 aglk] =_[t/g(t~ k) o

do(t) = X by[k] w(t — k) W, ; bo[k] = J t'w(t — k) dt
Suppose thai\(t ¢(t) comes from a spline of degree p — 1
(ho[n] has p zeros at ) with p -1 > /.
Then we can write

tt = 2 a[k] ¢(t — k)
The expanksion coefficients are easily found since
¢(t — k) are orthonormail:

a[k] =_;ftf o(t — k) dt




Also, since V; h.W,, we have
Jt w(t—n)dt = > a[k] [¢(t - k) w(t—n)dt = 0

— vanishing moment property

So we have
fo(t) = t
go(t) = 0

Viiy = V;OW, = fiq(t) = fi(t) + gj(t)
fi(t) = fo(t) + go(t) = t

All f;(t) are the same as f{(t)!




Polynomial Data
Suppose x[n] = 1 forn >0 (unit step).

X(z) = éoz'"

o0

%X(Z) = -> nz"n1
n=0

= X(2) = zo n(n + 1)z
n=

& X(@) = (-1)kn§0n(n +1)...(n + k - 1)z




But we know that

X(z) = 1_12_1 ; |z|>1
So

d —_ 22

X)) = G

d? _ -3

dz2 X(Z) - (1 2_ZZ-1)3

_dk _ (1)Kt zk
dzk X(Z) - (1 _Z-1)k+1




So if
X[n] = nn+1)(n+2)...(n+p-2) ; n>0

h'd

polynomial of degree p — 1
then

)1 -
X(Z) = ((p»l_l-1§p ; |Z| > 1
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Polynomial Data and Condition A,
Vo[n]

x[n][Ho(2) > 2 > Yoln]
o
v4[n]
—+—H,(2) > 42 F—— y,[n]
Consider Daubechies’ filters
Hy(z) = (1 +z7)P Q(2) p zeros atz = -1
H,(z) = -zN Hy(-z")
= (1-z'PR@Z)  ; R@ = ()PzMeQ(z")

Suppose that the input data is a polynomial of degree p-1:

x[n] = Z alk] S [n—k] combination of shifts of S [n]

where
S,InN] = n(n+1)(n+2)....(n+p-2) forn=>0
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z-transform is

X(z) = 5 afk] —Z@Az
(2) = Zalk]

— (p-1)z"A(2) _
- (1-zp s |z]>1

Lowpass channel:

Vo(z) = HO(Z) X(z) = (EN)z G(f)(;_ 1')rp2‘ )P Q(2)
So

v,[n] is a polynomial of degree p — 1.

yO[n] = V0[2n]

= |Yo[n] is a polynomial of degree p — 1.
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Highpass channel:
-1)! z-1 y 4 -z-1)p z
V,(z) = H,(z) X(z) = &Y (‘1\(_)S1)p ¥ R(z)

= (p-1)! z1A(z)R(2)

So v,[n] has finite length (even though x[n] has

infinite length.)

yiln] = v4[2n]
= Yy,4[n] has finite length

I.e.

y.n] = 0, except for startup/boundary effects.
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