Course 18.327 and 1.130
Wavelets and Filter Banks

Lifting: ladder structure for filter banks;
factorization of polyphase matrix
Into lifting steps; lifting form of
refinement equation




Lifting

Basic idea:
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Filter bank is modified by a simple operation that
preserves the perfect reconstruction property,

regardless of the actual choice for S(z).




Advantages:
 Leads to faster implementation of DWT

 Provides a framework for constructing
wavelets on non-uniform grids.

What are the effective filters in the modified filter
bank?
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So the effective highpass filter is F,(z) + S(z?)F,(2).

The lowpass filter is unchanged. To modify the
lowpass filter, add a second lifting step, e.g.
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Consider
Frew(z) = F(2) + S(z2) Fo(2)

i.e. frlleW[n] = f,[n] + X2 r[k] fo[n —K]
where “

riK]

Fo(2)

T2

F,(2)

|

s[k/2]

0

: k even
- k odd

——12

-p—

Fo@)+T(z2)F; ™ (2)

> T2 > {F*2) |+




r[2k] = s[K]
rl2k+1] = 0
SO
ffl‘eW[n] = f,[n] + %s[k] fo[n — 2K]

Then the corresponding wavelet is
wren(t) = 3 frew[n] ¢(2t - n)
n

= % fi[n] (2t —n) + % s[k] % foln —2K] ¢(2t — n)
= w(t) + 2 s[k] X f[10(2t - 2k - )

= w(t) + Zs[klot-k)  since o(t) =X fo[o(2t- )




Lifting for wavelet bases

« Lifting construction can be used to build a more
complex set of scaling functions and wavelets from an
initial biorthogonal set.

e.g. lifting step S(z) gives
omev(t) = ¢(t) (fo[n] unchanged)

wren(t) = w(t) - 2 s[k] o(t - k)
gne(t) = hy[n] ¢new(2t-n) + X s[k] wrew(t — k)

wrew(t) = X h [n]g"ev(2t — n) (h,[n] unchanged)




Example:
Ho(2) = V2 Fo(z) =V2 {Yaz + Y2+ Yz}
Hl(Z) = '\/2{_1/4 + ]/22 - 1/4 ZZ} Fl(Z) — \/2 Z_l

Scaling functions and wavelets are

1 0 1 -1 0 1
o(t) = 20(21)  o(t) = Y2t + 1) + O(2t) + ed(2t — 1)

.

63(2t)  428(2t — 2) -1 0 1
w(t) = -Y20(2t) + 02t — 1) -%d(2t—2)  w(t) = 20(2t — 1) ,




Biorthogonality/PR conditions are easy to verify, but
what about zeros at n?

F,(z) has double zero at &t
Hy(z) has no zeros at t — bad
I.e. w(t) has no vanishing moments

Lifting step to add vanishing moments to the synthesis
wavelet:

Suppose that the new wavelet has the form
wWreW(t) = w(t) - o o(t) - e d(t — 1)
Goal is to make the zeroth moment vanish

Jwrew(t)dt = Y2e1e2 - ael - ool

= 0 whenao = v




So the new wavelet is
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Note: the wavelet will
_ 0 1 actually have two
: : | vanishing moments
\/ \/2 because of the
1/ YA symmetry cons_trai_nt.
wnew(t) l.e. zeros on unit circle

appear in pairs when
filter is symmetric.




What is F;" " (z)?
New wavelet equation is
wrew(t) = w(t) - Y2 o(t) - %2 ot 1)
= 20(2t — 1) - Y{20(2t + 1) + ¢(2t) + Y20(2t — 1)}
- {202t - 1) + 0(2t - 2) + Y20(2t - 3)}
= Y0(2t+1)- 0(2t)+% 0(2t-1)- Yo0(2t - 2)-Ya(2t-3)
So
F. 7" (2) = N2{-Yez - Ya+ Yiz'1 - Yiz 2 - Y23}
This can be rewritten as

F™(2) =V2{zt + LZL (Yaz + Yo + Yuz 1)}

R

F.(z)  S(z%) Fo(2) y




The new analysis lowpass filter is
Hoo"(2) = V2{1 + &2 (Vs + Yz - Yaz?)}
This can be written as

Hy (@) =V2e% (1+2)(1+zY)(-z+4-27))

> 5/3 filter
bank

Fo(z) =V2e%(1+2)(1+2z7Y)
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Symmetric 5/3 Wavelets

12




Efficient Implementations

Ladder structure
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P and U may be nonlinear e.g. truncation to integer
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Factorization of Filter Bank into Lifting
Steps (Daubechies & Sweldens)

Goal is to perform a change of representation of the form:
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HO,even(Z) HO,odd(Z) c O 1 0
P(2) = =

_Hl,even(z) Hl,odd(z) 0 1/c =N -Ti(Z) 111 O 1

Approach: use Euclidean algorithm for greatest common
divisor
1) Start with

AO(Z) — HO,even(Z)

Bo(z) = Hooqa(2)

2) Then iterate
Ai(z) = Bi4(2)
Bi(z) = A.i(2) % B 1(2) = A(2) - Qi(2) Bi1(2)

. . A. .
remainder operator  quotient g"i‘% (non-unique) .




until 1 = n

An(z) = C <« ng (HO,even(Z)’ HO,odd(Z))

Bn(z) = 0
Matrix form of iteration:

[A@ B(@)=[A:@ B.@) [f

After n iterations:
n
[C (zl - EIO,even(Z) Ho,04d(2) | T1
i=1

Invert this result to get

[HO,even(Z) HO,odd(Z):l = |:C O:l il;}n

1
-Qi(2)
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Suppose that nis even (n =2m).
We can obtain a valid polyphase matrix of the form

A ¢ 0 Qil2) 1 Choice ¥c ensures
— H /\

P(z) = - that det P(z) = 1

0 ¥ 1 0

HO,even(Z) HO,odd(Z)

N\ N\ N\
|Hieven(Z) Hioaa(2)] < Hi(z) gives P. R., but may

not be the same as H,(z)
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To recover the original highpass filter, H,(z), from /I—\Il(z),

we introduce one more lifting step
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So the polyphase matrix is

o o)l ]

P(z) =
[—T(Z)

P(2)
|:c o} [1 o} s |:Q2k(z) 1} |:Q2k_1(z) 1}
0 %||-c2T@@ o<1 off 1 o
Rewrite each factor as a permutation of columns or rows
Qu(@ 1f[Quy 1| |11 Qu(2 1[|0 1] 1 0
[1 J[ 1 o] [o 1 }1 O]L O}|:Q2k1(z) ;|
_ [1 QZk(z)]: 1 o}
0 1 |[Qux4(2)1

1 1
I'T

I=2m

0
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So

P(z) =

2

2
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Example: Haar
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= Hpeven(2) = viz
= Hooda(2) f %2
= By(z) = v, =cC

= Ay(z) % By(z) = O
= Ay(z)/By(z) = 1
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ll'\ll(z) = %
Hi2) = Hy(@) - T(22) Hy(2)

(-7 = % -T(22) H(1+2Y
l.e. T(zZ):l
S _
; ) % Oll1 Oj11 1
@ =1lo W[+ 1|1 o
- - =
S 1 1fjo 1
0 0 11 o

Yoln] = 7 (x[2n] + x[2n ~1])

y.[n] = V2(x[2n] - Y2+ V2 y,[n])

- T3 (x[2n] - x[2n - 1])
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Factorization for 9/7 filter bank

s MR A5 M0 0

- Q,][Q,@)[=@)][Q42)
¥
z+ 2 —>—gl->+ T > ElT-}» T >/
1/c
Q1(2) = a(1+2) o =-1.586134342
Q,(2) = B(1+z1) B = -0.05298011854
Qs(2) = v(1+2) v= 0.8829110762
Q.(z) = 06(1+z 1) &= 0.4435068522

c= 1.149604398




