
Course 18.327 and 1.130Course 18.327 and 1.130 
Wavelets and Filter BanksWavelets and Filter Banks 

Wavelets and subdivision:Wavelets and subdivision: nonuniformnonuniform 
grids;grids; multiresolutionmultiresolution for triangularfor triangular 

meshes; representation andmeshes; representation and 
compression of surfaces.compression of surfaces. 
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Wavelets on Surfaces in RWavelets on Surfaces in R33 

Construction byConstruction by SchrSchrööderder andand SweldensSweldens 
•• uses liftinguses lifting 
•• scaling functions are interpolating in mostscaling functions are interpolating in most 

straightforward casestraightforward case 
•• typically work with triangular mesh generated bytypically work with triangular mesh generated by 

subdivisionsubdivision 
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K(jK(j) = {k, k) = {k, k11, k, k22, k, k33, k, k44, k, k55, k, k66, …}, …}
M(jM(j) = {m) = {m11, m, m22, m, m33, m, m44, m, m55, m, m66, …}, …} 

mesh describing surface Smesh describing surface S 
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Notation:Notation: 
K(j) = all vertices at resolution jK(j) = all vertices at resolution j

K(j + 1) = all vertices at resolution j + 1K(j + 1) = all vertices at resolution j + 1 
M(j) = vertices obtained by subdividing the resolutionM(j) = vertices obtained by subdividing the resolution 

j mesh to produce the resolution j + 1 meshj mesh to produce the resolution j + 1 mesh 
SoSo 

K(j + 1) = K(j)K(j + 1) = K(j) \\ M(j)M(j) 

Interpolating property means thatInterpolating property means that scalingsscalings functionsfunctions 
satisfysatisfy 

1 if1 if xx == xxkk kk ∈∈ K(j)K(j) 

0 if0 if xx == xxkk′′ kk′∈′∈ K(j)K(j)
kk′′ ≠≠ kk 

xx = position vector of a point on S.= position vector of a point on S.
{

 φφj,kj,k((xx)) = 
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Simple interpolating scaling function: hat functionSimple interpolating scaling function: hat function 
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φφj,kj,k((xx)) Scaling functions at level jScaling functions at level j 
are all located at vertices in K(j)are all located at vertices in K(j) 

Refinement equationRefinement equation 
φφj,kj,k((xx) =) = φφj+1,kj+1,k((xx) +) + ½½ ∑∑ φφj+1,mj+1,m((xx)) 

In general, interpolating scaling functions will satisfy aIn general, interpolating scaling functions will satisfy a 
refinement equation of the formrefinement equation of the form 

φφj,kj,k((xx) =) = φφj+1,kj+1,k((xx) +) + ∑∑ hh00[k,m][k,m]φφj+1,mj+1,m((xx)) 

mm66 

m=mm=m11 

mm∈∈n(j,k)n(j,k) 
jj 

mm66 

kk66 
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n(j,k) = vertices in the neighborhood of vertex k thatn(j,k) = vertices in the neighborhood of vertex k that 
contribute to the refinement equation.contribute to the refinement equation. 
Because of interpolating property,Because of interpolating property, n(j,kn(j,k) can) can 
only consist of vertices in M(j).only consist of vertices in M(j). 

How to construct the wavelet?How to construct the wavelet? 
Start withStart with 

wwj,mj,m((xx) =) = φφj+1,mj+1,m((xx) Wavelets at level j are all) Wavelets at level j are all 
located at verticeslocated at vertices in M(j)in M(j) 

Then use the lifting idea to impose vanishing moment.Then use the lifting idea to impose vanishing moment. 



66 

Consider a wavelet of the formConsider a wavelet of the form 
wwj,mj,m((xx) =) = φφj+1,mj+1,m((xx)) -- αα11φφj,kj,k11((xx)) -- αα22φφj,kj,k22((xx)) 

For theFor the zerozerothth moment to vanishmoment to vanish 
0 =0 = IIj+1,mj+1,m -- αα11 IIj,kj,k11 -- αα22IIj,kj,k22 

wherewhere 
IIj,kj,k == ∫∫ φφj,kj,k((xx)dS)dS 

kk11 
mm 

kk22 

ss 
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To satisfy vanishing moment condition, chooseTo satisfy vanishing moment condition, choose 
ααii == IIj+1,mj+1,m/2/2IIj,kj,kii i = 1, 2i = 1, 2 

So the wavelet equation can be written asSo the wavelet equation can be written as 
wwj,mj,m((xx) =) = φφj+i,mj+i,m((xx)) -- ∑∑ hh11[k,m][k,m]φφj,kj,k((xx)) 

withwith 
A(j,m) = two immediate neighbors in K(j)A(j,m) = two immediate neighbors in K(j) 
hh11[k,m] =[k,m] = IIj+1,mj+1,m/2/2IIj,kj,k 

kk∈∈A(j,m)A(j,m) 
jj 

jj 
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Wavelets on Surfaces in RWavelets on Surfaces in R33 

Synthesis scaling functionSynthesis scaling function 
φφj,kj,k((xx) =) = φφj+1,kj+1,k((xx) +) + ∑∑ hh00[k,m][k,m]φφj+1,mj+1,m(x)(x) 

Linear interpolating functions:Linear interpolating functions: 
hh00[k,m] = {[k,m] = { ½½ mm∈∈n(j,kn(j,k)) 
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mm∈∈n(j,k)n(j,k) 
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n(j,k) = {mn(j,k) = {m11, m, m22, m, m33, m, m44, m, m55, m, m66}}
0 otherwise0 otherwise 

jj 

Synthesis waveletSynthesis wavelet 
wwj,mj,m((xx) =) = φφj+1,mj+1,m((xx)) -- ∑∑ hh11[k,m][k,m] φφj,kj,k((xx)) 

kk11 
mm 

kk22kk∈∈A(j,m)A(j,m) 
jj 

A(j,m) = {kA(j,m) = {k11, k, k22}} 
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What are the analysis functions?What are the analysis functions? 
Use alternating signs condition to get analysis filters,Use alternating signs condition to get analysis filters, 
e.g. 1D interpolating filtere.g. 1D interpolating filter 
If FIf F00(z) =(z) = {{--zz33 + 0+ 0••zz22 + 9z + 16 + 9z+ 9z + 16 + 9z--11 + 0+ 0••zz--22 –– zz--33}}
then Hthen H11(z) = F(z) = F00((--z) =z) = {z{z33 + 0.z+ 0.z22 -- 9z + 169z + 16 -- 9z9z--11 + 0.z+ 0.z--22 + z+ z--33 

⇒⇒Change signs of all coefficients except centerChange signs of all coefficients except center 

So the analysis functions turn out to beSo the analysis functions turn out to be 
φφj,kj,k((xx) =) = φφj+1,kj+1,k((xx) +) + ∑∑ hh11[k,m]w[k,m]wj,mj,m((xx) a(j,k)={m:k) a(j,k)={m:k∈∈A(j,m)}A(j,m)} 
wwj,mj,m(x(x) =) = φφj+1,mj+1,m((xx)) -- ∑∑ hh00[k,m][k,m]φφj+1,kj+1,k((xx) N(j,m)={k:m) N(j,m)={k:m∈∈n(j,k)}n(j,k)} 

Exercise: verify thatExercise: verify that φφj,kj,k((xx),), wwj,mj,m((xx),), φφj,kj,k((xx),), wwj,mj,m((xx)) 
areare biorthogonalbiorthogonal.. 

66 
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mm∈∈a(j,k)a(j,k) 
~~~~ ~~jj 

~~ 
kk∈∈N(j,m)N(j,m) 

~~~~ jj 

~~ ~~ 
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Equations for the DWT:Equations for the DWT: 
Analysis (from analysis wavelet, refinement equations)Analysis (from analysis wavelet, refinement equations) 

ddjj[m[m] = c] = cj+1j+1[m][m] -- ∑∑ hh00[k,m]c[k,m]cj+1j+1[k] predict[k] predict 
ccjj[k[k] = c] = cj+1j+1[k] +[k] + ∑∑ hh11[k,m][k,m] ddjj[m[m] update] update 

Synthesis (invert the lifting operations)Synthesis (invert the lifting operations) 
ccj+1j+1[k] =[k] = ccjj[k[k]] -- ∑∑ hh11[k,m]d[k,m]djj[m][m] 
ccj+1j+1[m] =[m] = ddjj[m[m] +] + ∑∑ hh00[k,m]c[k,m]cj+1j+1[k][k] 

e.g.e.g. 

mm∈∈a(j,k)a(j,k) 

jj 
kk∈∈N(j,m)N(j,m) jj 

mm∈∈a(j,k)a(j,k) 
jj 

kk∈∈N(j,m)N(j,m) 
jj 
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Cubic Interpolating Scaling FunctionCubic Interpolating Scaling Function 

φφ(x) =(x) = ∑∑ hh00[k][k]φφ(2x(2x –– k)k)
kk hh00[k] =[k] = 



1212 

Butterfly SubdivisionButterfly Subdivision 
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Also an interpolating function 
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Loop SubdivisionLoop SubdivisionS
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Not an interpolating function 



1414From: Zorin, Schroder and Sweldens, Interpolating subdivision for meshes with arbitrary topology, 
proceedings SIGGRAPH 1996. 


