Simple Linear Interpolation
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Interpolating Subdivision Schemes

o Givenaset of data {u; kgs Ujkys- - - Ujky ), find filters
h;[k, m] such that:

Uj+1k = Ujk
Witim= Y. hjlk,mluiy [ %41l = Sy
keN(j,m)

* e.g.two point (linear) scheme

(UJJ{;Z + u]akz+l>
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o mp K OrEmT
four point (cubic) scheme
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Yi+1m; = 1g (_uj:kz’—l + ujk, + Nj gy g — ujaki-I—Q)

» Generalizes easily to multiple dimensions, non-uniformly
spaced points, boundaries, etc.
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Interpolating Subdivision Schemes

« Limit curveisan interpolating function




Wavelets From Subdivision

* Limit curves can be used to interpolate data.

On coarse grid K@) = {ko, k1,...}
filz) = X ujppir() O—O0—0
kckC(7) Ko Ky Ky

On fine grid K@+ 1) = {ko,mo, k1, ..}
fix1(z) = > ujg1pi41,0() Oo—O0—0—0—0

lek(+1) ko Ky ky K3 k4
Suppose that u;+1 is coarsened by subsampling ' '

Ujk = Uj+1.k | | |
J J | Umo yy, Yma |

and remaining data is predicted using subdivision Uk,
Wim = Wik 1m = Y, hylkymluj
kEN(j,m)

ko Mg k; my Kk,




Wavelets From Subdivision

» Doesthisfit the wavelet framework?

fit1(z) = > ujy19+10(x)  fineapproximation
1eK(j+1)

= X ujppik(@)+ X ujmwim(z)
éelC(j) meM(j)

/) (. _J

h'd . . Y
coarse approximation details

If weset ujr, =0, ujm, =0, ,, OUr coarsening/prediction
strategy gives

Ujtlk = Ujk
Ujtkim = Uim+ 2 hylk,mlujy

keN(j,m)
So the “wavdlets’ are
wj,m(x) — ij—l—l,m(iv)

o)
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Wavelets From Subdivision

o Similarly, setting v, = 6y 1, ujm =0

Ujt1k = Ujk = Ok
Wigrm = % hilkmluj, = hylk,m]
j+1lm kEN (i) J Js J

produces the refinement equation:

oir(@) =gjr1p@)+ D> hilk,mleipr m(x)
men(j,k)
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Wavelets From Subdivision

o S0 subdivision schemes naturally lead to hierarchical bases




Wavelets From Subdivision

« Thecoarsening strategy w;, = u;j+1 iSgeneraly less
than ideal — some smoothing (antialiasing) desirable
ujvkl

U .
J:ko Uj ko

Ko Mo ki My kK
Accomplished by forcing the wavelet to have one or more
vanishing moments

/wj7m(w)xkdm20, k=0,1,---,p—1
Larger » means smaller coefficients u; ., in wavelet series

fx) = X wigpip(x)+ X X ujpwin(c)
kekK(j) J=0meM(j)

wim ~ hP P (zp)




Wavelets From Subdivision
* How to improve wavelets using lifting

Wi (z) = wjm(z) - ke%( .)(m)
j
¢; r(x) asbefore tunable parameters

Choose s;[k, m] to make the moments zero.

 Regardless of the choice for s;[k, m], ¢;(x) and wj’, (x)
are orthogonal to the dual functions

Tev(z) = @Y () — X hlk,mlEney  (x)
keN(j,m)
Frew(z) = gt (2)+ Y s;lk,ml@er(x)
’ ’ meM(j)

from which we obtain an improved coarsening strategy:
Ujm = Ujt1m — Z hj[k’, m]uj_|_17k Predict as before
ke N(j,m)

e Uik = U1k T > silk.mlujm, Then update
meM(j)




Butterfly Subdivision




Loop Subdivision
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Finite Elements From Subdivision

« Key difference: subdivision mask is varied so that
prediction operation is confined within an element
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Element 5, Element S

» Limit functions are finite element shape functions




Finite Elements From Subdivision

0.75

Scalar subdivision
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Finite Element generated
from vector subdivision -
piecewise polynomial, but
|lacks smoothness at el ement
boundaries




Vector Refinement
» e.g. vector refinement relation for Hermite interpolation functions
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Hj[kym]ZI:(Dk (Xm) dx ]

Cubic sﬁbdivision for displ acements and rotations

o Wavelets
WliJ,m(X) (pju+Lm(X) T (D}I,k (X)
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