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Wavelets and Filter BanksWavelets and Filter Banks 

Numerical solution ofNumerical solution of PDEsPDEs:: Galerk inGalerk in 
approximation; wavelet integralsapproximation; wavelet integrals 

(pro jection coefficients , moments and(pro jection coefficients , moments and 
connection coefficients); convergenceconnection coefficients); convergence 
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Numerical Solution of DifferentialNumerical Solution of Differential EquationsEquations 

leave boundaryleave boundary 
conditions till laterconditions till later 

  

kk 

Main idea: look for an approximate solution that lies inMain idea: look for an approximate solution that lies in VVjj.. 
Approximate solution should converge to trueApproximate solution should converge to true 
solution as jsolution as j →→→→→→→→ ∞∞∞∞∞∞∞∞.. 

Consider the Poisson equationConsider the Poisson equation 

= f(x)= f(x) ------------------------------�� 

Approximate solution:Approximate solution: 

uuapproxapprox(x(x) =) = ∑∑ c[k]2c[k]2j/2j/2 φφφφφφφφ(2(2jj xx –– k)k) ----------------------�� 

∂∂∂∂∂∂∂∂22µµµµµµµµ 
∂∂∂∂∂∂∂∂xx22 

1424314243 
φφφφφφφφj,kj,k (x)(x) 

trial functionstrial functions 
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Method of weighted residuals: Choose a set of testMethod of weighted residuals: Choose a set of test 
functions,functions, ggnn(x(x), and form a system of equations), and form a system of equations 
(one for each n).(one for each n). 

∫∫ ggnn(x)dx(x)dx == ∫∫ f(x)gf(x)gnn(x(x)) dxdx 

One possibility: choose test functions to beOne possibility: choose test functions to be DiracDirac 

delta functions. This is the collocation method.delta functions. This is the collocation method. 

ggnn(x(x) =) = δδδδδδδδ(x(x –– n/2n/2jj) n integer) n integer 

⇒⇒ ∑∑ c[k]c[k]φφφφφφφφj,kj,k (n/2(n/2jj) = f(n/2) = f(n/2jj)) --------------------------------------------------------�� 

∂∂∂∂∂∂∂∂22uuapproxapprox 

∂∂∂∂∂∂∂∂xx22 

″″″″″″″″ 
kk 
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Second possibility: choose test functions to beSecond possibility: choose test functions to be 
scaling functions.scaling functions. 

•• GalerkinGalerkin method if synthesis functions are usedmethod if synthesis functions are used 
(test functions = trial functions)(test functions = trial functions) 

•• PetrovPetrov--GalerkinGalerkin method if analysis functions are usedmethod if analysis functions are used 

e.g.e.g. PetrovPetrov--GalerkinGalerkin 

ggnn(x(x) =) = φφφφφφφφj,nj,n (x)(x) ∈∈∈∈∈∈∈∈ VVjj 

⇒⇒ ∑∑ c[k]c[k] ∫∫ φφφφφφφφj,kj,k (x) .(x) . φφφφφφφφj,nj,n (x)(x) dxdx == ∫∫ f(x)f(x)φφφφφφφφj,nj,n (x)(x) dxdx 

Note:Note: PetrovPetrov--Galerkin GalerkinGalerkin Galerkin in orthogonal casein orthogonal case 

~~ ~~ 

∞∞∞∞∞∞∞∞ ∞∞∞∞∞∞∞∞ ~~ 
kk --∞∞∞∞∞∞∞∞ --∞∞∞∞∞∞∞∞ 

∂∂∂∂∂∂∂∂22 

∂∂∂∂∂∂∂∂xx22 

~~ ----------------�� 

≡ 
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Two types of integrals are needed:Two types of integrals are needed: 
(a)(a) Connection CoefficientsConnection Coefficients 

∫∫ φφφφφφφφj,kj,k (x) .(x) . φφφφφφφφj,nj,n (x)dx(x)dx = 2= 22j2j ∫∫ 22j/2j/2φφφφ″″″″φφφφ″″″″(2(2jjxx -- k)2k)2j/2j/2φφφφφφφφ(2(2jjxx -- n)dxn)dx 

= 2= 22j2j ∫∫ φφφφφφφφ″″″″″″″″((ττττττττ))φφφφφφφφ((ττττττττ + k+ k –– n) dn) dττττττττ 

= 2= 22j2jhh [n[n –– k]k] 

where hwhere h [n] is defined by[n] is defined by 

h [n] =h [n] = ∫∫ φφφφ″″″″φφφφ″″″″(t)(t)φφφφφφφφ(t(t –– n)dtn)dt 

∞∞∞∞∞∞∞∞ ~~ 
--∞∞∞∞∞∞∞∞ --∞∞∞∞∞∞∞∞ 

∞∞∞∞∞∞∞∞~~∂∂∂∂∂∂∂∂22 

∂∂∂∂∂∂∂∂xx22 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 

~~ 

∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22 

∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22 

∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 

~~ ----------------------------------�� 

connection coefficientsconnection coefficients 
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(b) Expansion coefficients(b) Expansion coefficients 

The integralsThe integrals ∫∫ f(x)f(x)φφφφφφφφj,nj,n (x)dx(x)dx are theare the coefficentscoefficents forfor 

the expansion of f(x) inthe expansion of f(x) in VVjj.. 

ff jj (x(x) =) = ∑∑ rr jj [k[k]] φφφφφφφφj,kj,k (x)(x) ----------------------------------------------------�� 

withwith 

rr jj [k[k] =] = ∫∫ f(x)f(x) φφφφφφφφj,kj,k (x)(x) dxdx ----------------------------------------------------�� 

So we can write the system ofSo we can write the system of GalerkinGalerkin equations asequations as 

a convolution:a convolution: 

222j2j ∑∑ c[k]hc[k]h∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[n[n –– k] =k] = rr jj [n[n]] --------------------------------�� 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 

~~ 

kk 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 
~~ 

kk 
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⇒⇒Solve aSolve a deconvolutiondeconvolution problem to find c[k] andproblem to find c[k] and 
then findthen find uuapproxapprox using equationusing equation ��.. 

Note: we must allow for the fact that the solution mayNote: we must allow for the fact that the solution may 
be nonbe non--unique, i.e. Hunique, i.e. H∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22((ωωωωωωωω) may have zeros.) may have zeros. 

Familiar example: 3Familiar example: 3--point finite differencepoint finite difference 
operatoroperator 

hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[n] = {1,[n] = {1, --2, 1}2, 1} 
HH∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22(z) = 1(z) = 1 ––2z2z ––11 + z+ z ––22 = (1= (1 –– zz ––11))22 

⇒⇒ HH∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22((ωωωωωωωω) has a 2) has a 2ndnd order zero atorder zero at ωωωωωωωω = 0.= 0. 
Suppose uSuppose u00(x) is a solution. Then u(x) is a solution. Then u00(x) + Ax + B is(x) + Ax + B is 
also a solution. Need boundary conditions to fixalso a solution. Need boundary conditions to fix 
uuapproxapprox(x(x).). 
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Determination of Connection CoefficientsDetermination of Connection Coefficients 

hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[n] =[n] = ∫∫ φφφφφφφφ (t)(t) φφφφφφφφ(t(t –– n)dtn)dt 

Simple numericalSimple numerical quadraturequadrature will not converge ifwill not converge if 

φφφφφφφφ (t) behaves badly.(t) behaves badly. 

Instead, use the refinement equation to formulate anInstead, use the refinement equation to formulate an 

eigenvalueeigenvalue problem.problem. 

φφφφφφφφ(t) = 2(t) = 2 ∑∑ ff00[k][k]φφφφφφφφ(2t(2t –– k)k) 

φφφφ″″″″φφφφ″″″″(t) = 8(t) = 8 ∑∑ ff00[k][k]φφφφ″″″″φφφφ″″″″(2t(2t –– k)k) 

φφφφφφφφ(t(t –– n) = 2n) = 2 ∑∑ hh00[[ll]]φφφφφφφφ(2t(2t –– 2n2n -- ll)) 

SoSo 

hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[n] = 8[n] = 8 ∑∑ ff00[k][k] ∑∑ hh00[[ll]]hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[2n +[2n + ll -- k]k] 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 

~~ ″″″″″″″″ 

″″″″″″″″ 

kk 

~~ 
ll 

kk 
Multiply andMultiply and 
IntegrateIntegrate 

llkk 

~~ 

6
7

8
6

7
8
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Daubechies 6 
scaling function 

First derivative 
of Daubechies 6 
scaling function 
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Reorganize asReorganize as 

hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[n] = 8[n] = 8∑∑ hh00[m[m –– 2n](2n](∑∑ ff00[m[m –– k]k]hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[k])[k]) 

Matrix formMatrix form 
hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22 = 8 A B= 8 A B hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22 eigenvalueeigenvalue problemproblem 

Need a normalization condition use the momentsNeed a normalization condition use the moments 
of the scaling function:of the scaling function: 

If hIf h00[n] has at least 3 zeros at[n] has at least 3 zeros at ππππππππ, we can write, we can write 

∑∑ µµµµµµµµ22[k][k]φφφφφφφφ(t(t –– k) = tk) = t22 ;; µµµµµµµµ22[k] =[k] = ∫∫ tt22φφφφφφφφ(t(t –– k)dtk)dt 

Differentiate twice, multiply byDifferentiate twice, multiply by φφφφφφφφ(t) and integrate:(t) and integrate: 

∑∑ µµµµµµµµ22[k][k]hh∂∂∂∂∂∂∂∂22//∂∂∂∂∂∂∂∂xx 22[[ -- k] = 2! Normalizing conditionk] = 2! Normalizing condition 

mm kk 

∞∞∞∞∞∞∞∞ ~~ 
kk --∞∞∞∞∞∞∞∞ 

~~ 

kk 

m = 2n +m = 2n +ll 
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Formula for the moments of the scaling functionFormula for the moments of the scaling function 

µµµµµµµµ __ ∫ττττ∫ττττllφφφφφφφφ((ττττττττ -- k)dk)dττττττττ 

Recursive formulaRecursive formula 

µµµµµµµµ00 == ∫∫ φφφφφφφφ((ττττττττ)d)dττττττττ = 1= 1 

µµµµµµµµrr == ∑∑ ( ) (( ) (∑∑ hh00[k]k[k]krr –– ii ))µµµµµµµµ 

µµµµµµµµ == ∑∑ ( )k( )kll--rr µµµµµµµµ 

ll 
kk �� 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 

00 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 

00 
11 

22rr -- 11 
rr 
ii 

rr--11 

i=0i=0 

NN 

k=0k=0 

ii 
00 

ll 
kk 

ll 

r=0r=0 

ll 
rr 

rr 
00 
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How to enforce boundary conditions?How to enforce boundary conditions? 

One ideaOne idea –– extrapolate a polynomial:extrapolate a polynomial: 
u(xu(x) =) = ∑∑ c[k]c[k]φφφφφφφφj,kj,k (x(x) =) = ∑∑ a[a[ll]x]xll 

RelateRelate c[kc[k] to] to a[a[ll] through moments. Extend] through moments. Extend c[kc[k]] 
by extending underlying polynomial.by extending underlying polynomial. 

Extrapolated polynomial should satisfy boundaryExtrapolated polynomial should satisfy boundary 

constraints:constraints: 

DirichletDirichlet :: 

u(xu(x00) =) = αααααααα ⇒⇒ ∑∑ a[a[ll]x]x00 == αααααααα 
Neumann:Neumann: 

u'(xu'(x00) =) = ββββββββ ⇒⇒ ∑∑ a[a[ll]]llxx00 
ll--11 == ββββββββ 

ll=0=0 

ll
pp--11 

ll=0=0 

pp--11 

ConstraintConstraint 
on a[on a[ll]] 

kk 

pp--11 

ll=0=0 
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ConvergenceConvergence 
Synthesis scaling function:Synthesis scaling function: 

φφφφφφφφ(x) = 2(x) = 2 ∑∑ ff00[k][k]φφφφφφφφ(2x(2x –– k)k) 

We used the shifted and scaled versions,We used the shifted and scaled versions, φφφφφφφφj,kj,k (x), to(x), to 
synthesize the solution. If Fsynthesize the solution. If F00((ωωωωωωωω) has p zeros at) has p zeros at ππππππππ, then, then 
we can exactly represent solutions which are degreewe can exactly represent solutions which are degree 
pp –– 1 polynomials.1 polynomials. 

In general, we hope to achieve an approximate solutionIn general, we hope to achieve an approximate solution 
that behaves likethat behaves like 

u(xu(x) =) = ∑∑ c[k]c[k]φφφφφφφφj,kj,k (x(x) +) + O(hO(hpp)) 

wherewhere 

h = = spacing of scaling functionsh = = spacing of scaling functions 

kk 

kk 

11 
22jj 
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Reduction in error as a function of hReduction in error as a function of h 
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MultiscaleMultiscale RepresentationRepresentation 
e.g.e.g. ∂∂∂∂∂∂∂∂22u/u/∂∂∂∂∂∂∂∂xx22 = f= f 

Expand asExpand as 

u =u = ∑∑ cckkφφφφφφφφ(x(x –– k) +k) + ∑∑ ∑∑ ddj,kj,kw(2w(2jj xx--k)k) 

GalerkinGalerkin gives a systemgives a system 

Ku = fKu = f 

with typical entrieswith typical entries 

KKm,nm,n = 2= 22j2j ∫∫ w(xw(x –– n)w(xn)w(x--m)dxm)dx 

kk j=0j=0 kk 

JJ 

∞∞∞∞∞∞∞∞ 

--∞∞∞∞∞∞∞∞ 
∂∂∂∂∂∂∂∂22 

∂∂∂∂∂∂∂∂xx22 
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Effect ofEffect of PreconditionerPreconditioner 
•• MultiscaleMultiscale equations: (WKWequations: (WKWTT)(Wu) =)(Wu) = WfWf 
•• Preconditioned matrix:Preconditioned matrix: KKprecprec = DWKW= DWKWTTDD 





 

 

 





 

 

 

= 

4 
1 

4 
1 

4 
1 

2 
1 

2 
1 

1 

1 

D 

Simple diagonal preconditioner 
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MatlabMatlab ExampleExample 

Numerical solution of Parti alNumerical solution of Parti al 
Differential EquationsDifferential Equations 
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The ProblemThe Problem 

1.1. HelmholtzHelmholtz equation:equation: uuxxxx + a u = f+ a u = f 
•• p=6;p=6; % Order of wavelet scheme (% Order of wavelet scheme (ppminmin =3=3)) 
•• a = 0a = 0 
•• L = 3L = 3; % Period.; % Period. 
•• nminnmin = 2= 2; % Minimum resolution; % Minimum resolution 
•• nmaxnmax = 7= 7; % Maximum resolution; % Maximum resolution 
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Solution at Resolution 2Solution at Resolution 2 
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Solution at Resolution 3Solution at Resolution 3 
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Solution at Resolution 4Solution at Resolution 4 
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Solution at Resolution 5Solution at Resolution 5 
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Solution at Resolution 6Solution at Resolution 6 
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Solution at Resolution 7Solution at Resolution 7 
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Convergence ResultsConvergence Results 

>>>> helmholtzhelmholtz slope = 5.9936slope = 5.9936 


