
Sampling rate change operations:Sampling rate change operations:
upsampling upsampling and and downsamplingdownsampling; ; 
fractional sampling; interpolationfractional sampling; interpolation
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Definition:Definition:
DownsamplingDownsampling

MM
x[0]x[0]
x[1]x[1]
x[2]x[2]
x[3]x[3]
x[4]x[4]

MM

((↓↓2)2)

MM
x[0]x[0]
x[2]x[2]
x[4]x[4]

MM
&&

==

As a matrix operation:As a matrix operation:

MM

LL 1  0  0  0  0 1  0  0  0  0 LL
LL 0  0  1  0  0 0  0  1  0  0 LL
LL 0  0  0  0  1 0  0  0  0  1 LL

MM

MM
x[0]x[0]
x[1]x[1]
x[2]x[2]
x[3]x[3]
x[4]x[4]

MM

==

::
x[0]x[0]
x[2]x[2]
x[4]x[4]

::
::
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Definition:Definition:

UpsamplingUpsampling
MM

x[0]x[0]
x[1]x[1]
x[2]x[2]

MM

((↑↑2)2)

MM
x[0]x[0]

00
x[1]x[1]

00
x[2]x[2]

00
MM

==
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As a matrix operation:As a matrix operation:

MM

LL 1  0  0  1  0  0  LL
LL 0  0  0  0  0  0  LL
LL 0  1  0  0  1  0  LL
LL 0  0  0  0  0  0  LL
LL 0  0  1  0  0  1  LL
LL 0  0  0  0  0  0  LL

MM

MM
x[0]x[0]
x[1]x[1]
x[2]x[2]

::
::
::

==

MM
x[0]x[0]

00
x[1]x[1]

00
x[2]x[2]

00
MM
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DownsamplingDownsampling
Downsampling Downsampling by 2by 2

→ →↓↓22
x[n]x[n] y[n]y[n] 00 1   2    3   4   n1   2    3   4   n

LL LL

x[n]x[n]

0    1   2              n0    1   2              n
LL LL

y[n]y[n]

nn

m evenm even

mm

mm

22 mm

y[n]   =  x[2n]y[n]   =  x[2n]

Y(Y(ωω) =  ) =  ∑∑ x[2n]ex[2n]e--iiωωnn

=  =  ∑∑ x[m]ex[m]e--iiωωm/2m/2

=  =  ½½ ∑∑ {1 + ({1 + (--1)1)mm} x[m]e} x[m]e--iiωωm/2m/2

=  =  ½½ {{∑∑ x[m]ex[m]e--iiωωmm + + ∑∑ x[m]ex[m]e––i(   + i(   + ππ )m)m} ; } ; 

((--1)1)mm = e= e--iiππmm

=  =  ½½ {X ({X (ωω/2) + X (/2) + X (ωω/2 + /2 + ππ )})}

ωω
22
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Downsampling Downsampling by Mby M

→ →↓↓MM
x[n]x[n] y[n]y[n]

11
MM

1
2

3
1

2
3

1 if m = 1 if m = nMnM
0 if m 0 if m ≠≠ nMnM

MM

m = m = nMnM

MM mm

MM--11
MM

k = 0k = 0

k = 0k = 0 MM--11

MM
k=0k=0

MM--11

y[n]    =  x[y[n]    =  x[MnMn]]

Y(Y(ωω)   =   )   =   ∑∑ x[m]ex[m]e--iiωωm/Mm/M

= = 11 ∑∑ { { ∑∑ ee––ii22ππkmkm } x[m]e} x[m]e--iiωωm/Mm/M ;;

∑∑ (e(e––ii22ππmm))kk ==

=  =  11 ∑∑ X(X(ωω + 2 + 2 ππkk))

MM
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UpsamplingUpsampling
Upsampling Upsampling by 2by 2

→ →↑↑22
x[n]x[n] y[n]y[n] 00 1   2             n1   2             n

LL LL
x[n]x[n]

0    1   2    3   4   n0    1   2    3   4   n
LL LL

y[n]y[n]11

y[n]  = y[n]  = 

1
2

3
1

2
3

x[n/2] ; n evenx[n/2] ; n even

0     ; n odd0     ; n odd

Y(Y(ωω)  =  )  =  ∑∑ x[n/2]ex[n/2]e--iiωωnn

=  =  ∑∑ x[m]ex[m]e--iiωω2m2m

=  X(2=  X(2ωω))

n evenn even

mm
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Upsampling Upsampling by Lby L

y[n]  = y[n]  = → →↑↑LL
x[n]x[n] y[n]y[n]1

2
3

1
2

3

x[n/L]  ;  n  =  x[n/L]  ;  n  =  mLmL

0       ;  n  0       ;  n  ≠≠ mLmL

Y(Y(ωω)  =  )  =  ∑∑ x[n/L] ex[n/L] e--iiωωnn

=  X(L=  X(Lωω))
n=n=mLmL



99

nn
00 11

LL LL

x[n]x[n]

--22 --11 22 33

nn
--22 --11 22 3300 11

LL LL
xxss[n][n]

x[0]x[0]x[2]x[2]

LL LL nn
--11 00 11

x[x[--2]2] y[n]y[n]

22ππ

X(X(ωω))

ωω
-- 22ππ 00 ωω00

L

--ωω00

L

ωω

Y(Y(ωω))

-- 22ππ 00
22ωω00

L

--22ωω00

L--ππ

↑ ↑ 22ππ

½½

ππ

XXss((ωω))

ωω
-- 22ππ 00 ππ

L

--ππ

L

½½

22ππ

DownsamplingDownsampling

Y(Y(ωω)  =  )  =  ½½ { X(    ) + X(     + { X(    ) + X(     + ππ)})}
y[n]  =  (y[n]  =  (↓↓2) x[n] =  x[2n]2) x[n] =  x[2n] ωω

22
ωω
22
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UpsamplingUpsampling

--11 00 11
LL LL

nn

x[n]x[n]

--11 00 33--22 11 nn
LL LL

x[x[--1]1] y[n]y[n]
x[0]x[0] x[1]x[1]

22--33

y[n]  =y[n]  =

1
2

3
1

2
3

x[n/2] ; n evenx[n/2] ; n even
0    ; n odd0    ; n odd

Y(Y(ωω))

ωω-- 22ππ ππ

L

--ππ

L

11

22ππ
--ωω00
22

ωω00
22

X(X(ωω))

-- 22ππ 00 ωω00

L

--ωω00

L

--ππ 22ππ

11

ππ ωω

Y(Y(ωω)  =  X(2)  =  X(2ωω))
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InterpolationInterpolation
Use Use lowpass lowpass filter afterfilter after upsamplingupsampling

x[n]x[n]
↑↑LL H(H(ωω))

y[n]y[n]u[n]u[n]

X(X(ωω))

ωω-- 22ππ 00 ωω00 22ππ

-- 22ππ 00 ωω00
LL

22ππ ωω

U(U(ωω))

ωω-- 22ππ
LL

Y(Y(ωω))

ωω00 22ππ00
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Fractional SamplingFractional Sampling
ConsiderConsider

x[n]x[n]
↑↑LL ↓↓MM

y[n]y[n]u[n]u[n]

Y(Y(ωω)  =  )  =  11 ∑∑ U (         )U (         )MM
ωω + 2+ 2ππkk

MM
MM--11

k=0k=0

= MM
MM--1111 ∑∑ X (           )X (           )
k=0k=0

ωω + 2+ 2ππkk
MM LL

What aboutWhat about x[n]x[n]
↓↓MM ↑↑LL

y[n]y[n]d[n]d[n]

Y(Y(ωω)  =  D()  =  D(ωωL)L)

= = ∑∑ X (           )X (           )11
MM

k=0k=0

MM--11 ωωL + 2L + 2ππkk
MM



Basic filters,Basic filters, upsamplingupsampling andand
downsamplingdownsampling..
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