
Course 18.327 and 1.130Course 18.327 and 1.130
Wavelets and Filter BanksWavelets and Filter Banks

Signal and Image Processing: finite Signal and Image Processing: finite 
length signals; boundary filters and length signals; boundary filters and 

boundary wavelets; wavelet boundary wavelets; wavelet 
compression algorithms. compression algorithms. 
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FiniteFinite--Length SignalsLength Signals

x[n]                                        y[n]x[n]                                        y[n]H(H(ωωωωωωωω))

yy--22
yy--11
yy00
yy11
oooooooo

yyNN--11
oooooooo

==

hh00
hh11 hh00 hh--11
hh22 hh11 hh00 hh--11

hh11 hh00 hh--11
rrrrrrrr rrrrrrrr rrrrrrrr

xx--22
xx--11
xx00
xx11
oooooooo

xxNN--11
oooooooo

L
M

N
L

M
N

L
M

N
L

M
N

L
M

N
L

M
N

L
M

N
L

M
N

unknownunknown

length Nlength N
(finite length)(finite length)

unknownunknown



33
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artificial edge resulting artificial edge resulting 
from zerofrom zero--paddingpadding

1)  zero1)  zero--paddingpadding
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44

2)  Periodic Extension2)  Periodic Extension
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What is the eigenvector for the What is the eigenvector for the circulant circulant matrix?matrix?

[ 1  [ 1  eeiiωωωωωωωω eei2i2ωωωωωωωω mmmmmmmm eeii(N(N--1)1)ωωωωωωωω ] ] TT

We needWe need

eeiNiNωωωωωωωω =  1  =  e=  1  =  ei0i0ωωωωωωωω

∴∴∴∴∴∴∴∴ NNωωωωωωωω =  2=  2ππππππππk      ,                  k      ,                  ωωωωωωωω =                 =                 
disdiscrete set of crete set of ωωωωωωωω’’ss

For the 0For the 0thth row,row,

H[k]  =  H[k]  =  ∑∑∑∑∑∑∑∑ h[n] eh[n] e--i     ni     n
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=  [F]=  [F]

w = w = eeii22ππππππππ
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LOOOOMOOOONLOOOOMOOOONLOOOOMOOOONLOOOOMOOOONLOOOOMOOOONLOOOOMOOOONLOOOOMOOOONLOOOOMOOOON

FF

HF  =  FHF  =  FΛΛΛΛΛΛΛΛ ΛΛΛΛΛΛΛΛ contains the Fourier coefficientscontains the Fourier coefficients

H[k]  =  H[k]  =  ∑∑∑∑∑∑∑∑ h[n]eh[n]e--i     ni     n

∑∑ ∑∑∑∑∑∑∑∑ h[n h[n -- ��������]x[]x[��������]e]e--i     n  i     n  =  H[k]X[k]=  H[k]X[k]

If x[If x[��������]  =  ]  =  eei      i      �������� ⇒⇒⇒⇒⇒⇒⇒⇒ X[k]  =  X[k]  =  δδδδδδδδ[k [k –– kk00]]
⇒⇒⇒⇒⇒⇒⇒⇒ H[k]X[k]  =  H[kH[k]X[k]  =  H[k00]X[k]]X[k]
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3)3) Symmetric ExtensionSymmetric Extension
1)1) Whole point symmetry Whole point symmetry –– when filter is whole when filter is whole 

point symmetric.point symmetric.
2)2) Half point symmetry Half point symmetry –– when filter is half point when filter is half point 

symmetric.symmetric.
e.g.  Whole point symmetry: filter and signale.g.  Whole point symmetry: filter and signal

hh11xx22 +  h+  h00xx11 +  h+  h11xx0            0            hh0   0   hh1                            1                            xx22

hh11xx1  1  ++ hh00xx0  0  ++ hh11xx1              1              hh1   1   hh0  0  hh1                    1                    xx11

hh11xx0  0  ++ hh00xx1   1   + h+ h11xx2                     2                     hh1  1  hh0  0  hh1            1            xx00

rrrrrrrr rrrrrrrr rrrrrrrr xx11

xx22

==



88

e.g.  whole point symmetry e.g.  whole point symmetry –– filter, filter, 
halfhalf--point symmetry point symmetry -- signal signal 

==

hh11xx22 +  h+  h00xx11 +  h+  h11xx0               0               hh1   1   hh0  0  hh1                         1                         xx22

hh11xx1  1  ++ hh00xx0  0  ++ hh11xx0                       0                       hh1   1   hh0  0  hh1                 1                 xx11

hh11xx0  0  ++ hh00xx0   0   + h+ h11xx1                                1                                hh1  1  hh0  0  hh1        1        xx00

hh11xx0 0 +  h+  h00xx11 +  h+  h11xx2                                   2                                   rrrrrrrr rrrrrrrr rrrrrrrr xx00

xx11

xx22

Half point symmetry       Whole point symmetryHalf point symmetry       Whole point symmetry
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Downsampling Downsampling a wholea whole--point symmetric signal with point symmetric signal with 
even length Neven length N
at the left boundary:at the left boundary:

--22 00 11--11 22
xx xx ⇒⇒⇒⇒⇒⇒⇒⇒ still wholestill whole--point symmetric after point symmetric after ↓↓↓↓↓↓↓↓ 2.2.

xx xx
xx

at the right boundary:at the right boundary:

⇒⇒⇒⇒⇒⇒⇒⇒ halfhalf--point symmetric after point symmetric after ↓↓↓↓↓↓↓↓ 2.2.

NN--11
oddodd

E.g.  9/7 filter: wholeE.g.  9/7 filter: whole--point symmetric point symmetric 
use the above extension for signaluse the above extension for signal ⇒⇒⇒⇒⇒⇒⇒⇒ NN

N/2N/2

N/2N/2
exactlyexactly
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Downsample Downsample a halfa half--point symmetric signalpoint symmetric signal

xx xx xx

--3   3   --2  2  --1   0   1    21   0   1    2

⇒⇒⇒⇒⇒⇒⇒⇒ nothing guaranteednothing guaranteed

LinearLinear--phase filtersphase filters
H(H(ωωωωωωωω)  =  A()  =  A(ωωωωωωωω)e)e--iiωαωαωαωαωαωαωαωα

1)1) halfhalf--point symmetric,             point symmetric,             αααααααα =  fraction=  fraction

2)2) wholewhole--point symmetric,         point symmetric,         αααααααα =  integer=  integer

Symmetric extension of finiteSymmetric extension of finite--length signallength signal

X(X(ωωωωωωωω)  =  B()  =  B(ωωωωωωωω)e)e--iiωβωβωβωβωβωβωβωβ
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The output:The output:
Y(Y(ωωωωωωωω)  =  H()  =  H(ωωωωωωωω)X()X(ωωωωωωωω))

W        W     WW        W     W
W        H      H           W  =  wholeW        H      H           W  =  whole--point symmetrypoint symmetry
H         H      W           H  =  halfH         H      W           H  =  half--point symmetrypoint symmetry
H         W     HH         W     H

The above extensions ensure the continuity of function The above extensions ensure the continuity of function 
values at boundaries, but not the continuity of values at boundaries, but not the continuity of 
derivatives at boundaries.derivatives at boundaries.
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4)4) Polynomial Extrapolation (not useful in image Polynomial Extrapolation (not useful in image 
processing)processing)
•• Useful for PDE with boundary conditions.Useful for PDE with boundary conditions.

0   1    2   30   1    2   3

xx00
xx11

xx22 xx33

4 coefficients 4 coefficients ⇒⇒⇒⇒⇒⇒⇒⇒ fits up to 3fits up to 3rdrd order order 
polynomials.polynomials.

a + a + bn bn + cn+ cn22 + dn+ dn33 =  x(n)=  x(n)

1   0   0   0       a          x1   0   0   0       a          x00
1   1   1   1       b          x1   1   1   1       b          x11
1   2   21   2   222 2233 c          xc          x22
1   3   31   3   322 3333 d          xd          x33

==

LOMONLOMONLOMONLOMONLOMONLOMONLOMONLOMON
AA
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Then,                              a                            Then,                              a                            xx00

xx––11 =  [1  =  [1  --1  1  1  1  --1]    b   =  [1  1]    b   =  [1  --1  1  1  1  --1]  A1]  A––11 xx11

c                                        xc                                        x22

d                                        xd                                        x33

PDEPDE
f(x)  =  f(x)  =  ∑∑∑∑∑∑∑∑ cckkφφφφφφφφ(x (x –– k)k)

Assume f(x) has polynomial behavior near boundariesAssume f(x) has polynomial behavior near boundaries

∑∑∑∑∑∑∑∑ αααααααα iixxi  i  == f(x)  =  f(x)  =  ∑∑∑∑∑∑∑∑ cckkφφφφφφφφ(x (x –– k)k)

{{φφφφφφφφ ((•••••••• -- k)}  k)}  orthonormalorthonormal

⇒⇒⇒⇒⇒⇒⇒⇒ ∑∑∑∑∑∑∑∑ αααααααα ii ∫∫∫∫∫∫∫∫ φφφφφφφφ(x (x –– k)k)xxiidx  dx  =  c=  ckk

kk
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µµµµµµµµ00 µµµµµµµµ11 mmmmmmmm µµµµµµµµ pp--1         1         αααααααα00 cc00

µµµµµµµµ00 µµµµµµµµ11 µµµµµµµµ22 mmmmmmmm αααααααα11 cc11

oooooooo oooooooo oooooooo
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Using the computed Using the computed αααααααα ii’’ss, we can extrapolate,, we can extrapolate,

e.g.  ce.g.  c––11 =  [=  [µµµµµµµµ00 µµµµµµµµ11 mmmmmmmm µµµµµµµµpp--11] ] ––11––1 1 ––11

αααααααα00
oooooooo

ααααααααpp--11

DCT  idea of symmetric extensionDCT  idea of symmetric extension

cf.  DFT   X[k]  =  cf.  DFT   X[k]  =  ∑∑∑∑∑∑∑∑ x[n]ex[n]e--i       ni       n22ππππππππkk
NN

nn

complexcomplex--valued valued Want realWant real--valued results. valued results. 
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DFT of this extended signal:DFT of this extended signal:

∑∑∑∑∑∑∑∑ x[n]ex[n]e––i     n  i     n  +  +  ∑∑∑∑∑∑∑∑ x[2Nx[2N--11--n]en]e--i     ni     n22ππππππππkk
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22ππππππππkk
2N2N

NN--11

n=0n=0

2N2N--11

n=Nn=N
LOOMOONLOOMOONLOOMOONLOOMOONLOOMOONLOOMOONLOOMOONLOOMOON

��
∑∑∑∑∑∑∑∑ x[m]ex[m]e--i      (2Ni      (2N--11--m)m)22ππππππππkk

2N2N
NN--11

m=0m=0

=  =  ∑∑∑∑∑∑∑∑ x[n] {ex[n] {e--i     n  i     n  +  e+  e--i     i     (2N(2N--11--n)n)}}

X(k)X(k)�� cck k ∑∑∑∑∑∑∑∑ √√ x[n]x[n]cos    cos    (n+(n+½½) ) mmmmmmmm DCT DCT –– II  used in JPEGII  used in JPEG
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1       k = 1, 2, …, N 1       k = 1, 2, …, N -- 11


