3.4. QR FACTORIZATION

3.4 QR Factorization

Idea: We have to solve Ax = b:

If A is square: x = A7'b. If A is rectangular, we want to find x : min, ||Az — b|,.

Figure 3.1: QR Factorization.

What linear systems can we solve easily?

wxb

Figure 3.2: Triangular.

e Triangular: Rx =10

e Orthogonal: Qr =b =z = Q 'b = Q*b (casy)

(Continued on next page.)
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Write A = QR, then solve QRx = b = Rx = Q*b.
r=RQ%

Solves linear systems and least square problems.

3.5 What is QR Decomposition?

A = lai]ag| - |ay]

Idea: Find orthogonal ¢;:

span(ay,---,a;) = span{(q,- -, q)

fori=1,2,---,n.
ar = Tq
az = Ti12q1 + 72202
(€79 = T1nq1 +- 4+ Tnndn
Therefore,
11 o Tip
A= gl ]
Q Tnn
R
How do we find @ and R?
3.6 Gram-Schmidt
ai ay
qg = = —
laill  ria
a2 — T12q1 a2 — 71241
q2 = =
||az - 7"12(]1|| 22
q _ a3z — 71341 —7T23q2 a3 — 71341 — T'23¢2
3 = =
llas — risq1 — r23q2| 733
q _ Ay — Z?;ll Tindi
" Tnn

How do we determine ;7
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gGa = 0 i#j (3.17)
0 = gaj—ry i#] (3.18)

Jj—1
a; — E Tij Qi
i=1

Classical Gram-Schmidt is numerically unstable. We will use two other algorithms: Givens

2

rotations and Householder reflectors.



