18.336 spring 2009 lecture 1 02/03/09

18.336 Numerical Methods for Partial Differential Equations

Fundamental Concepts

Domain 2 C R™ with boundary 0f2

PDE in
b.c. on T C 909

r
Q
I
PDE = “partial differential equation”
b.c. = “boundary conditions”
(if time involved, also i.c. = “initial conditions”)

Def.: An expression of the form
F(DFu(x), D" u(z), ..., Du(z),u(z),2) =0, z€QCR" (1)

is called k** order PDE,

where F: R" x R"" x ... x R" x R x Q — R is given,
and v : 2 — R is the unknown.

A function u satisfying (1) is called solution of the PDE.

Du = (ug,, ..., uz,) gradient (vector)
L
D*u = | : T Hessian (matrix)
uaznxl e umnxn
etc.




Def.: The PDE (1) is called...

(i) linear, if

S aule) D% = f(2)

o<k
homogeneous, if f =0
(ii) semilinear, if
Z ao(2) D + Fy(D*tu, ..., Du,u, x) = 0
|| <k
(iii) quasilinear, if
Z ao(D* Y, ..., Du,u, ) - D*u + Fy(D*'u, ..., Du,u, ) = 0
o<k

(iv) fully nonlinear, if neither (i), (ii) nor (iii).

Def.: An expression of the form
F(DFu(x), D" u(x), ..., Du(z),u(z),2) =0, z€QCR"
is called k' order system of PDE,

where F : R™" x R™* ™" & | x R™ x R™ x () — R™
and u: Q — R™ u=(u',...,u™).

Typically: # equations = # unknowns , i.e. n = m.

Some examples:

u; + u; = 0 linear advection equation
Uy = Uz, heat equation
uze = f(x) Poisson equation (1D)
V?u = f Poisson equation (nD)
uy + cu, = Dug, convection diffusion equation
u + (3u*), =0 < u, +uu, =0 Burgers’ equation (quasilinear)
V2u =u? a semilinear PDE
Uy = Uz, Wave equation (1D)
U (01 U wave equation, written as a system
(v),-(0a)-(0), e
Up + Uy = €Uy, Korteweg-de-Vries equation
{ Uy + (0 - V)i =—-Vp+ vV } incompressible Navier-Stokes equation
V-u=0 [dynamic-algebraic system|
{ he + (uh), =0 } shallow water equations
Uy + ut, = —ghy, [system of hyberbolic conservation laws|

|Vu| =1 Eikonal equation (nonlinear)
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