
18.336 spring 2009	 lecture 1 02/03/09 

18.336 Numerical Methods for Partial Differential Equations 

Fundamental Concepts 

Domain Ω ⊂ Rn with boundary ∂Ω � � 
PDE in Ω 
b.c. on Γ ⊂ ∂Ω 

PDE = “partial differential equation” 
b.c.	 = “boundary conditions” 

(if time involved, also i.c. = “initial conditions”) 

Def.: An expression of the form 

F (Dk u(x), Dk−1 u(x), ..., Du(x), u(x), x) = 0, x ∈ Ω ⊂ Rn (1) 

is called kth order PDE,

where F : Rnk × Rnk−1 × ... × Rn × R × Ω → R is given,

and u : Ω R is the unknown.
→
A function u satisfying (1) is called solution of the PDE. 

⎞ ⎟⎠
⎛ ⎜⎝ 

Du = (ux1 , ..., uxn ) gradient (vector) 
ux1x1 . . . ux1xn 

.D2u = ..
. . . ..

. Hessian (matrix) 

uxnx1 uxnxn· · · 
.	 . .	 . . .


etc.
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Def.: The PDE (1) is called... 

(i) linear, if	 � 
aα(x)Dα u = f(x) 

|α|≤k 

homogeneous, if f = 0 

(ii) semilinear, if

aα(x)Dα u + F0(D
k−1u, ..., Du, u, x) = 0 

|α|≤k 

(iii) quasilinear, if 

aα(Dk−1u, ..., Du, u, x) Dα u + F0(D
k−1u, ..., Du, u, x) = 0 · 

|α|≤k 

(iv) fully nonlinear, if neither (i), (ii) nor (iii). 

Def.: An expression of the form 

F (Dk u(x), Dk−1 u(x), ..., Du(x), u(x), x) = 0, x ∈ Ω ⊂ Rn 

is called kth order system of PDE, 

where F : Rmnk × Rmnk−1 × ... × Rmn × Rm × Ω Rm 

and u : Ω → Rm , u = (u1, ..., um). 
→ 

Typically: # equations = # unknowns , i.e. n = m. 

Some examples:


ut + ux = 0 linear advection equation


ut = uxx heat equation


uxx = f(x) Poisson equation (1D)


�2u = f Poisson equation (nD)


ut + cux = Duxx convection diffusion equation


ut + (
2
1 u2)x = 0 ⇔ ut + u ux = 0 Burgers’ equation (quasilinear)


2 2� u = u a semilinear PDE 

utt = uxx wave equation (1D) 

u 0 1 u wave equation, written as a system 
= 

v 1 0 
· 

v utt = vxt = vtx = uxxt x 

ut + uux = �uxxx Korteweg-de-Vries equation 

�ut + (�u · �)�u = −�p + ν�2�u incompressible Navier-Stokes equation 

�	
� · �u = 0 � 

[dynamic-algebraic system] 

ht + (uh)x = 0 shallow water equations 
ut + uux = −ghx [system of hyberbolic conservation laws] 

|�u| = 1 Eikonal equation (nonlinear) 
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