18.336 spring 2009 lecture 13 03/19/09

Initial Value Problems (IVP)

u=Lu in Qx]0,7] <« PDE
u=ug on§x{0} <« initial condition
u=g ondNx|0,T[ < boundary condition

where L differential operator.

Ex. e [ = V? )

Poisson equation — heat equation
elu=0>0-Vu
advection equation
o Lu=—V*V?u) not done yet.
biharmonic equation — beam equation
o Lu = F|Vul } nonlinear
Eikonal equation — level set equation
e ctc. J

Stationary solution of IVP: Lu=0 in

(if it exists) { u=g on 0N }

Later:
second order problems < systems

B O (fwu) (01 0 ([ u
U = Ugy & v = 10 % v

(wave equation)

Semi-Discretization

e In space (method of lines):
Approximate u(-,t) by (t)
Approximate Lu by A - @ (for linear problems) [FD, FE, spectral]
— system of ODE: u=A-u

e

e In time:

Approximate time derivative by step:

d _u(w,t+ At) —u(z,t)
a0~ At

— Stationary problem:
uv(z) = u(z) + AtLu(z) = (I + AtL)u(z)
Need to know about ODE solvers.

[explicit Euler]



Numerical Methods for ODE

g(t) = fly(t)) } a
, t)eR
{ y(0) =y u(t)
yr R yt), Yyt Ayt + At)
n+l _ ,n
L; e Y y
inear approximation: g &2 =—-——
Explicit Euler (EE): y"*! = y" + At - f(y™)
Implicit Euler (IE): y"™' — At - f(y"*) =y
nonlinear system «— Newton iteration.

Local truncation error (LTE):
EE: 7" = y(t + At) — (y(t) + At f(y(t))) = 3i(t)At> = O(At?)
IE: 7" = O(At?)

Global truncation error (GTE):

T
Over N = — time steps.

At
EM =y" —y(ty)
B = E" 4+ A(f(y") — f(y(tn)) + 7"
= |E"Y < |E"| + AtLIE"| + |77

— |EN| < e L max, [T = O(AY)
Time Stepping:

GTE = one order less than LTE.

Higher Order Time Stepping

e Taylor Series Methods:

Start with EE; add terms to eliminate leading order error terms.
PDE — Lax-Wendroff

e Runge-Kutta Methods:
Each step = multiple stages

ko= f ALY agky)
j

ke = f" ALY anky)
i
g =y ALY bk
j

Butcher tableau: (¢; = Z a;)

J



Ci | Qi1 ... Qip

_clA
Cr | Qp1 ... Qpp bT
‘ by b,
. 0 ki = fy")
BE: 1 Yt =y + Atk
:yn+l
1)1 ——
1E: —T k= fly" + At k)
Yyt =y + Atk
0
Explicit midpoint: i %
0 1
Heun’s: 111
T —_ —_
2 2
0
11
2 | 2
RK4: 5 :
1 1
11 11
6 3 3 6
1)1
Implicit trapezoidal: i% PDE — Crank-Nicolson
e Multistep Methods:
Z a;y"t = At Z Bif (™)
j=0 Jj=0
Explicit Adams-Bashforth:
ytl o=yt Atf(y) =EE  O(At)
yrt o=yt AL Gy = 5 f (v O(A#?)

Implicit Adams-Moultion:
Yyt o=y AL (A F(y) + SymY) = trapezoidal
Yyt o= oyt AL (ST + ST — S5 f()

BDF (backward differentiation):

Yy = Y+ AT =1 O(A)
Byt — Ayt +yt = 2Atf(y"?) O(A#?)



Linear ODE Systems

{ y=A-y
y(0) =19
solution: y(t) = exp(tA) -y
solution stable, if Re(\;(A)) < 0 Vi.
= Mgg
——
EE: y"*t= (I+At-A) "
IE: y"tl= (I-At-A)*ty"
=Mig
[teration "t = M - y™ stable, if |\;(M)| < 1 Vi
A; eigenvalue of A

1+ At-)\; eigenvalue of Mgg 11+ At- N\ < 1if At < ’)\_2|
= 1 , ‘
m eigenvalue of Mg ‘m < 1 always
2
EE conditionally stable: At < ——

A
IE unconditionally stable p(A)

Message: One step implicit is more costly than one step explicit.
But: If p(A) large, then implicit pays!
fF;
stiffness

Ex.: Different time scales
—50 49 . 2
A‘[49 —50]’@/_{0]

Solution: y(t) =e"- l 1 ] 4 e { _11 ]

behavior restricts At for EE
Ex.: -2 1
A= 1 1 ’heat equation ‘
(Az)? . S \
R _42210 21 =p(4) < (Az)?
(Ax)®

EE stable if At < —
OTOH: Crank-Nicolson

([— %A) Syt = ([—l— %A) Sy

Unconditionally stable.
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