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18.336 spring 2009 lecture 14 03/31/09 

Von Neumann Stability Analysis 

Lax-equivalence theorem (linear PDE): 

Consistency and stability convergence ⇐⇒

↑ ↑


(Taylor expansion) (property of numerical scheme) 

Idea in von Neumann stability analysis:

Study growth of waves eikx .

(Similar to Fourier methods)


Ex.: Heat equation 

ut = D uxx· 

Solution: 
e−Dk2t ikx u(x, t) = � �� � e·

=G(k) growth factor 

no growth if |G(k)| ≤ 1 ∀k 

FD Scheme: 

Un+1

j − Uj

n Uj
n 
+1 − 2Uj

n + Uj
n 
−1


= D 
Δt 

· 
(Δx)2 

(Explicit Euler) (Central) � � DΔt ⇒ Uj
n+1 = Uj

n + r · Uj
n 
+1 − 2Uj

n + Un , r = 
(Δx)2j−1 

Insert u(x, tn) = eikx into FD scheme: 

Uj
n+1 = eikΔx·j + r eikΔx·(j+1) − 2eikΔx·j + eikΔx·(j−1) 

= (1 + r(eikΔx + e−ikΔx − 2))eikΔx·j 

= G(k) eikΔx·j ·


Growth factor: G(k) = 1 − 2r (1 − cos(kΔx))
· 
FD scheme stable, if |G(k)| ≤ 1 ∀k

Here: worst case: kΔx = π G(k) = 1 − 4r
⇒ 
Hence FD scheme conditionally stable: 

1 (seen before) r ≤ 
2 

1
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Fast version:


G − 1 eiθ − 2 + e−iθ 2D

Δt 

= D 
(Δx)2 

= 
(Δx)2 

· (cos(θ) − 1) 

⇒ G = 1 − 2r · (1 − cos θ), θ = kΔx 

Ex.: Crank-Nicolson 

Un+1 − Un 1 Un+1 − 2Un+1 + Un+1 + Un 
j j j+1 j j−1 Uj

n 
+1 − 2Uj

n 
j−1 

= D + 
Δt 

· 
2 
· 

(Δx)2 (Δx)2 

G − 1
= D 

1
(G + 1) 

eiθ − 2 + e−iθ 

Δt 
· 
2 
· · 

(Δx)2


G =
1 − r · (1 − cos θ)
⇒ 
1 + r (1 − cos θ)· 

Always |G| ≤ 1 ⇒ unconditionally stable. 

Ex.: 2D heat equation 

ut = uxx + uyy 

Forward Euler 

Un+1 − Un Ui
n 
+1,j − 2Un

i−1,j Un 
i,j + Un 

1j ij 
= i,j + Un 

+ i,j+1 − 2Un 
i,j−1


Δt (Δx)2 (Δy)2


u(x, y, tn) = e i(k,l)·(x
y ) = eikx eily
· 

G − 1
= 

eikΔx − 2 + e−ikΔx 

+ 
eilΔy − 2 + e−ilΔy


Δt (Δx)2 (Δy)2


Δt Δt
⇒ G = 1 − 2
(Δx)2 

· (1 − cos(kΔx)) − 2
(Δy)2 

· (1 − cos(lΔy)) 

Δt Δt 
Worst case: kΔx = π = lΔy ⇒ G = 1 − 4

(Δx)2 
− 4

(Δy)2 

Stability condition: 
Δt Δt 1 1 

� 
1 1 

�−1 
h2 

+ + = 
(Δx)2 (Δy)2 

≤ 
2 
⇔ Δt ≤ 

2 
· 

(Δx)2 (Δy)2 ���� 4 
if Δx=h=Δy 
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