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Von Neumann Stability Analysis

Lax-equivalence theorem (linear PDE):

Consistency and stability <= convergence

(Taylor expansion) (property of numerical scheme)

Idea in von Neumann stability analysis:
Study growth of waves e?*.
(Similar to Fourier methods)

Ex.: Heat equation
w =D - Uyy

Solution:
P2 -
U(Qf,t) — e DEk=t _ezkx
—
=G (k) growth factor

no growth if |G(k)| <1 Vk

FD Scheme:
n+1 n n n n
Ut Uy U =207 + Uy
At (Az)?
(Explicit Euler) (Central)
n+1 n n n n DAt

Insert u(x,t,) = ¢®** into FD scheme:

;H—l — eikA:U-j +r (eikAx-(jJrl) _ 2€ikAx-j + eikA:(:-(jfl))

— (1 +r eikA:r + ef'ikA:): _ 2))€ikAx-j

— G(l{?) _eikAx~j

Growth factor: G(k) =1 —2r- (1 — cos(kAx))
EFD scheme stable, if |G(k)| < 1 Vk

Here: worst case: kAx =nm = G(k)=1—4r
Hence FD scheme conditionally stable:

r < 1| (seen before)




Fast version:

G-1 e —2 4 ¢ 2D
= = . 1
At (Az)? (Ao (os®) 1)

=G=1-2r-(1—-cosh), 0 =kAx

Ex.: Crank-Nicolson

nd1 n n+1 n+1 n+1 n n n
G Uy 1 (U g, -y Uy,
At 2 (Az)? (Az)?

G-1 1 el — 24 e
—:D'—' 1 T A o
At @+ (Az)?

:>G:1—T'-(1—COS(9)

14+7r-(1—cosh)
Always |G| < 1 = unconditionally stable.

Ex.: 2D heat equation
Up = Ugy + Uyy
Forward Euler
Uy - UG Uk, =200+ U2 Ul — 2070 + U
At (Ba)? (By)?
w(z,y, tn) = cikD(y) — ik | ity

G -1 eikAz — 24 e—ikAz eilAy . e—ilAy

At Ao (AP
At At
=1-2——--(1— Azx)) — 22— - (1 — A
=G (A0)? (1 — cos(kAx)) (Ay)? (1 — cos(lAy))
At At
Worst case: kAr=nm=[Ay=G=1-— 4(Ax)2 — 4(Ay)2

Stability condition:

At oAt 1] Lo B &
T2 \(Axp? (Ay)?) >~ 4
if Ae=h=Ay
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