18.336 spring 2009

lecture 15

Finite Difference Methods for the One-Way

Wave Equation

Up = Cly
u(z,0) = up(x)
Solution: u(x,t) = ug(z + ct)

Information travels to the left
with velocity c.

Three Approximations:
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Accuracy:

Taylor expansion of solution
u(z,t + At) —u(x,t)

At 2
u(r + Az, t) — u(z,t)

u(zr + Az, t) —u(x — At,t)
2Ax
Substitute into FD scheme:

u(x, t)

Characteristic

W A = X

up(x-+et)
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downwind

centered
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= Ut + —UttAt + _uttt(At>2 —+ O((At)3)
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Ao = Uy + 2umAx + —Ugpe (Az)” + O((Ax)”)

Uy + %u‘,,;m(Ax)2 + O((Ax)%)
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Upwind: w; + éuttAt —CUy — %cumAaj + O(A#?) + O(Ax?)
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Leading order error:

%uttAt - %cumAx = 12w, At —

2
=0ifr=1
First order if r # 1

Cllpe AT = etz Ax(r — 1)
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Downwind: Analogous: first order

Centered: uy + 3uyAt — cuy — Uy, Az® + O(A?) + O(Az?)
At — First order in time
Ax? — Second order in space

Stability:
G-—1 eikA:c -1

Upwind: NN

=G =1—7r+rehae
= |G| <1 =7+ |re*?®) =1,if 0<r<1
N——

CFL-Condition
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conditionally stable
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Downwind: G = 1+ r — re #Az

dRY:
N

unstable
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ikAr e—ik:A:I:

Centered: G =14 r———— — =1 + irsin(kAx)
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Messages:

1. Upwind works (CFL-condition on stability)
2. Centered needs a fix

Add Diffusion:

UPt —Up _ Upa—Upy | Upa =207 + U7,
At 2Ax (Ax)?

Replace UJ' by average:

Ut = (3Ufn + A= NUF +307°) _ Ugn+1 Ui
At 2Ax
At
here A =2——0
where (Aa)
How much diffusion?
Lax-Friedrichs:
. (Azx)?
El te Ul by A =1 0 =
iminate U}" by = SAL
147 1—7r cAt
n+1l __ n n
—— ——
>0(for |r|<1) >0(for |r|<1)

Monotone scheme

Accuracy: First in time, Second in space (exercise)

Stability: G = ir sm(kAx) —i—cos(kA:v)

central dlfference dlffuswn

conditionally stable |r| <1
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Lax-Wendroff:

At
Choose 6 to get second order in time: 6 = 702
n+l n n n n n
At 2Azx 2 (Az)?



Accuracy: w3 At 2w A — cup— Uy AT? — 5Pty — 2Pty A

2
= U A — LUz Az? = O(AE?) + O(Az?)
Uy — cy =0

%uttAt — %czum =0
Stability: \ = 72

2 2
_ r ;_TeikAx + (1 N 7,2) + r z_re—ik’(Ax)

= (1 —7?) + r?cos(kAx) + irsin(kAzx)

G

Worst case: kAxr =7 =G =1 — 2r?

ds
N
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