18.336 spring 2009 lecture 20 04/23/09

Operator Splitting

IVP: u; = Au+ Bu
where A, B differential operators.

Most accurate: Discretize Au + Bu, and time step with high order.
But: Sometimes not possible, or too costly.

Alternative: fractional steps

Time step ¢t — ¢+ At :
(1) Solve  u; = Au
(2) Solve  w; = Bu

Special case: A B linear

Solution operators:

ety solution of u; = Au, u(0) = ug
tB

ePuyg - solution of u; = Bu,u(0) = ug

A8y« solution of u, = Au + Bu,u(0) = ug
True solution: u(t + At) = eAATB)y (1)
Lie splitting: ur(t + At) = eAtAeABy(t )

e
Strang splitting: ug(t + At) = e2d4eABez Aty (1)
SWSS splitting:  usw (t + At) = (e A AtB + eAtBeAtA Yy (1)
Local Truncation Errors:
Lie: ur(t + At) — u(t + At) = AL[A, Blu(t) + O(At3)
Strang: u,(t + At) — u(t + At) = At* - (5[B, [B, A]] — (A, [A, B]))u(t) + O(At?)
SWSS: gy (t + At) — u(t + At) = O(At3)
Commutator: [A, B] = AB — BA

If operators A and B commute, then all splittings are exact;
Otherwise:

e Lie (globally) first order accurate,

e Strang and SWSS (globally) second order accurate.

Ex.: Convection-Diffusion equation
U + CUy = dUyy
Solution: u(x,t) = h(z — ct,t), where h solves hy = dh,,
Au = —cu, and Bu = duy,
ABu = —c(dugy), = —cduy,, = BAu = [A,B] =0
= splitting exact = use Lie splitting



Ex.: Convection-Reaction equation
U+ cuy, = a— bu
Au = —cu, and Bu=a — bu
ABu = —c(a — bu), = bcu,
BAu = a — b(—cu,) = a + bcu,
[A, B] # 0 = use Strang splitting to be second order accurate

Ex.: Dimensional splitting

2D Advection

Uy + auy + bu, =0

(1) uy + au, = 0 for At

(2) ug + buy, =0 for At

Au = —au,, Bu = —bu,, [A,B] =0

Remark: No error due to splitting, if
u; = Au and u; = Bu solved exactly.

If discretized in time, results will in general differ.

pyrtt _pn ur —yr. . Un — yr.
Ex.: FE lit: iJ i iJ i—1g iJ 3,j—1
Ex. unsplit —Ar a N b Ay [a,b > 0]
Ur — [Un Uur —ynr. .
Lie-splitting: (1) —2—* A7 YVo— g ) Agjl_l’]
n+1 * * *
ij+ - Uij _ Uij - Ui,j—l
2) = —
At Ay
Hence:
n+1 n (lAt n n bAt n n
Uij+ :Uij - E(Uij - Uifl,j) - A_y<Uij - Ui,jfl)
ab(At)?

(UZ} - Uin—l,j - Ugj—l + Uz’j)

AxAy



MIT OpenCourseWare
http://ocw.mit.edu

18.336 Numerical Methods for Partial Differential Equations
Spring 2009

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu
http://ocw.mit.edu/terms

