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Pseudospectral Methods

Vorticity: W=V x
1
iy + (- V)i = —Vp + —V?i
U+ (@ - V)u p—i—Re u
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Vx and V2 commute

1
= |W+a- Vit = — V2@
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Navier-Stokes equations in vorticity formulation

How to find @ from w?
w = v, — u, scalar
Stream Function:

O(F) s.b. i@ = Vi, Le. { Z:% }
—w

:>v2¢:wa:x+wyy:_yx+uy:

V2h=— i=v-+ 5
Thus: w © 2= "* (0 Vg

Remark: Incompressibility guaranteed
Vtl = uy + vy = Pyp — gy = 0V

Time Discretization

Semi-implicit:
e - Vw explicit

e V2w  Crank-Nicolson

wn Tt — 1 1
Yo @ V) = — - = (V2" + Vi)
At “~——— Re 2
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If discretized in space — linear system
Here: want to use spectral methods




Fourier Transform Properties:

— 2D FT (k2 = k.2 + k%)

Computation of N:
N=i -Vw= N=i*Vuw

Inefficient in Fourier space.
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F(f)=f= [ rwe
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FY(f) = fla) = ) fk)e* e dk
F(f") =2mikF(f)
F(V2f) = —An?|k|*F(f)
F(fx=g)=F(f) F(g)
F(f-g)=F(f)=F(g)
Use Here:
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So perform multiplication in physical space.

Numerical Method:

Time step w" — w"*:

A 1
u” —2miky "
9 o = 2mik
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6. Truncate k;, k, > %k‘max
to prevent aliasing
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0 else
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Particle Methods

Linear advection
u +cuy, =0
U(ZL’, O) - uO(x)

Solution:
u(z,t) = uo(z — ct)
Need to work hard to get good schemes for advection, on a fixed grid.

Reason: Represent sideways motion
by up and down motion.

Alternative:
Move computed nodes,

rather than having

a fixed grid. Image by MIT OpenCourseWare.

Ex.: 1D Advection
u +cu, =0
u(z,0) = up(x)
Particle method:
1. Sample initial conditions x; = jAz, u; = ug(z;)
2. Move particles along characteristics:

T;=c xj(t) = x;(0) + ct : :
. = —  Exact solution on particles.
{ i; =0 } { u;(t) = uo(x;(0)) B P

T T T T T T T T T T x

Image by MIT OpenCourseWare.

Ex.: 2D Advection

{ ¢+ U(T) - Vo =0
¢(7,0) = ¢o(T)

Particle method:
L. &5, ¢; = ¢o(;)

b = 1(2)
> { ¢j =0 }

Solve characteristic ODE, e.g. by RK4; very accurate on particles.
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