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Four Important Linear PDE

Laplace/Poisson equation

—V?u=f inQ
u=g¢g onl; <« Dirichlet boundary condition
0
a_u =h only <« Neumann boundary condition
n
Uy =09

Q
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f =0 — Laplace equation

Viu=0

u = “harmonic function”

Physical example:

Heat equation: u; — V?u = f
source

stationary (t — 00) :uy =0 = —V?u = f

Dirichlet: prescribe u =g

0
Neumann: prescribe flux 2y

on




Fundamental solution of Laplace equation:

Q=R"
no boundary conditions

Radially symmetric solution in R \{0} :
) or 2w

r = 2] ix 9 ? or; 2|z| o
— ! 827”:1'7’—3718—;_1 x>

Z;

Ox;? 72 r rs
u(x) = v(r)
0
= e, = V()
or \? O*r x> 1z
= Uy, = V(1) (6:c1> + U’(r)a%2 = v”(r)r—2 +'(r) - (; — F)
- n—1
V2 — = " / .
u ;u v (r) + v'(r) .
Hence:
2 " n—1 /
Viu =0<=v"(r) + v'(r) =0
o' #0 , V'(r) 1-—n
<= (log v = =
(og'(r)) = S = =
<= logd/'(r) = (1 —n)logr +logb
= V(r)=0b-r"
br +c n=1
— u(r) = blogr+c n=2
;+c n >3
rn—
Def.: The function
—%|x\ n=1
d(x) = { —5=log|z| n=2 % (x#0,a(n) = volume of unit ball in R")
et e 23

is called fundamental solution of the Laplace equation.

Rem.: In the sense of distributions, ® is the solution to
~V20(x) = §(x)
~~

Dirac delta



Poisson equation:
Given f:R"” — R,
u(z) = / ®(x —y)f(y) dy (convolution)
solves —V2u(z) = f(z).

Motivation:
Viu(z) = / ~V., 0z —y)f(y) dy = / oz —y)f(y)dy = f(z).
R R
® is a Green’s function for the Poisson equation on R™.

Properties of harmonic functions:

Mean value property

average average

u harmonic <= u(z) = fop(,n uds <= w(z) = f par) udy
for any ball B(x,r) ={y : ||y — z|| < r}.

Implication: v harmonic = v € C*
Proof: u(x) = [p. XBo.r) (T — y)u(y) dy
u € Ok AN, okl

Maximum principle
Domain €2 C R™ bounded.

(i) w harmonic = maxu = max u (weak MP)
Q
(ii) €2 connected; u harmonic
If 3x¢ € Q: u(xy) = maxu, then u = constant (strong MP)
0
Implications

® y — —u = max — min
e uniqueness of solution of Poisson equation with Dirichlet
boundary conditions

—V2u=f inQ
u=g on Jf)

Proof: Let uq,us be two solutions.

Then w = u; — uy satisfies

V2w:O IDQ max principle
{ w=0 on@Q} P w=0=u = u O



Pure Neumann Boundary Condition:
—V2u=f inQ
% =h on 0f)

has infinitely many solutions (v — u + ¢), if — / fdx = _/ hdsS.
Otherwise no solution. L 09

Compatibility Condition:

—/fdm:/vzudx:/divadx:/Vf-ndS:/ %dS:/ hdS.
Q Q Q BlY) aﬂan 9
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